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Abstract. A thin Lie algebra is a Lie algebra graded over the positive integers 
satisfying a certain narrowness condition. We describe several cyclic grading of 
the modular Hamiltonian Lie algebras H(2 : n; CJ2) (of dimension one less than 
a power of p) from which we construct infinite-dimensional thin Lie algebras. In 
the process we provide an explicit identification of H(2: n;uJ2) with a Block 
algebra. We also compute its second cohomology group and its derivation 
algebra (in arbitrary prime characteristic). 

1. Introduction 

In the last three decades the interest of researchers in finite p-groups has increas- 
ingly extended to pro-p groups. This trend was initiated by Leedham-Green and 
Newman in 1980, who proposed in LGN80 one way of getting around the univer- 
sally believed impossibility of a classification of p-groups up to isomorphism. One 
of their intuitions was that of using the coclass rather than the (nilpotency) class 
of p-group as a fundamental invariant. Since the coclass of a group of order p n is 
defined as the difference between n and the class of the group, this change has no 
real effect unless one focuses on families of p-groups rather than single p-groups. A 
special role is then played by pro-p groups, to which the definition of coclass extends 
naturally, and which represent entire families of finite p-groups as the sets of their 
finite quotients. In particular, having finite coclass for a pro-p group G means that 
all lower central quotients 7i(G)/7i+i(G) have order at most p from some point 
on. The five coclass conjectures advanced in LGN80 are now theorems thanks 
to the efforts of several authors, culminating in LG94] and |Sha94bj . They give 
information on pro-p groups of finite coclass (Conjecture C, the simplest to state, 
claiming that every pro-p group of finite coclass is soluble), but also asymptotic 
information on families of finite p-groups of fixed coclass. 

Lie-theoretic methods occupy an important place in the theory of p-groups, and 
also in the proofs of the coclass conjectures. The oldest and simplest such method 
is associating the graded Lie ring 7i(G)/7i+i(G) with the lower central series 

of a (pro-) p-group. In many interesting cases the Lie ring is actually a Lie algebra 
over the field of p elements F p . This approach was already present in disguise in 
the pioneering work of Blackburn on p-groups of coclass one (better known as p- 
groups of maximal class) and the subsequent work of Leedham-Green and McKay 
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(see |LGM84| and the references therein), which inspired the formulation of the co- 
class conjectures. Lie rings or algebras associated with pro-p groups in this way are 
graded over the positive integers, and are generated by their component of degree 
one. The coclass conjectures have natural analogues for graded Lie algebras over 
an arbitrary field defined by these properties, independently of the connection with 
pro-p groups, but in this new context all the conjectures turn out to be false. This 
already occurs in the simplest case of coclass one, as Shalev constructed in |Sha94a| 
the first examples of insoluble graded Lie algebras of maximal class. Here, by a 
graded Lie algebra of maximal class we mean a Lie algebra L which is graded over 
the positive integers, 

oo 

(1.1) L=®L k , 

k=l 

where L\ has dimension 2, has dimension 1 for k > 1, and L^+i = [Lk,Li] for 
all k > 1. 

Shalev's construction starts from certain finite-dimensional simple modular Lie 
algebras, originally introduced by Albert and Frank |AF55| . and applies a loop 
algebra construction (strictly speaking, taking the positive part of a twisted loop 
algebra, see Subsection 15.11 for details). As a consequence, the resulting graded 
Lie algebras of maximal class, despite being insoluble, have a kind of periodic 
structure, in a precise sense. Therefore, one could still hope that each of them is 
uniquely determined by a suitable finite-dimensional quotient, as is the case with 
pro-p groups of finite coclass (because each p-group of finite coclass r and class 
large enough, depending on p and r, is a quotient of a unique infinite pro-p group 
of coclass r). The investigation carried out in |CMN97| showed that this is not the 
case. In fact, it turned out that most graded Lie algebras of maximal class are not 
periodic. Nevertheless, Shalev's algebras occupy a unique place in the description 
of the graded Lie algebras of maximal class over fields of odd characteristic, which 
have been completely classified in |UN00| . An analogous classification over fields of 
characteristic two will soon appear in |.Iur05| . 

After the coclass conjectures for pro-p groups were proved, other invariants have 
been suggested, which may possibly lead to a finer classification of p-groups than 
the rough one provided by the coclass theorems. We do not need the precise 
definitions of these invariants, which are called width, obliquity and rank, and we 
refer the interested reader to Chapter 12 of the book |L(tM02| by Leedham-Green 
and McKay. The simplest nontrivial case in terms of these invariants consists of 
the pro-p groups of width two and obliquity zero. These groups, which do not have 
finite coclass in general, have also been given the name thin in |Bra88l [BCS92 
(originally in the finite case) because of a narrowness characterization in terms 
of their lattice of (closed) normal subgroups. Some of our terminology, like the 
diamonds introduced in the next paragraph, originates from that point of view. 

An approach to thin groups via the associated graded Lie algebra was taken in 
CMNS96 . The lower central factors in a thin group are elementary abelian of 
rank at most two. Those of rank two, in the group or in its associated graded Lie 
algebra, are called diamonds. There is of course a diamond G/ 12(G) on top of a thin 
group G, and if this is the only diamond then G has maximal class. Otherwise, it 
follows from the theory of p-groups of maximal class that in a thin group the second 
diamond occurs in class at most p. In CMNS96 we proved that the associated Lie 
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algebra has bounded dimension, except when the second diamond occurs in class 
(or degree) 3, 5 or p. Each of these cases occurs for certain infinite pro-p groups, 
both p-adic analytic and not. For example, Sylow pro-p subgroups of SL(2, Z p ) 
or SL(2, F p [[t]]), or certain 'nonsplit' versions of them, are thin pro-p groups with 
second diamond in class 3. A detailed description of these groups in the p-adic 
analytic cases is given in Section 12.2 of LGM02 . Thin pro-p groups with second 
diamond in class 5 can be realized similarly starting with certain linear groups of 
type Ai over local fields, see |KLGP97] or |Mat99| . Finally, the second diamond 
in class p occurs for one of the wildest known pro-p groups, the Nottingham group 
(which is thin for p > 2), described in Section 12.4 of |LGM 02 , for example. 

A crucial fact for the investigation carr ied out in EMNS96 was that the con- 
dition of a pro-p group G having obliquity zero can be verified on the associated 
graded Lie ring, which in this case is a Lie algebra over F p . In this context a more 
convenient formulation of the condition is the covering property. A graded Lie al- 
gebra L as in , over an arbitrary field and thus not necessarily associated with 
a group, is called thin if L\ has dimension 2 and the following covering property 
holds: 

(1.2) for all k > 1, and all u £ Lk, with u ^ 0, we have Lk+i = [u, L{\. 

It follows that L is generated by L\ as a Lie algebra and that all homogeneous 
components have dimension at most two. (See Definition 15.41 and the comments 
that follow for more details.) The arguments of CMNS96 have been extended 
in |CM99I IAJ01| to show that the second diamond in an infinite-dimensional thin 
Lie algebra (or one of finite dimension large enough) can only occur in degree 3, 5, q 
or 2q — 1, for some power q of the characteristic p of the underlying field. It follows 
from CM.XSUO that there are, up to isomorphism and with the possible exception 
of very small characteristics, one or two (depending on the ground field) infinite- 
dimensional thin Lie algebras with second diamond in degree 3 and no diamond in 
degree 4, and one with second diamond in degree 5. Thus, they are the graded Lie 
algebras associated with some of the thin pro-p groups mentioned earlier. Machine 
computations have shown that each of the cases where the second diamond is in 
degree q or 2q— 1 splits into a number of subcases, depending on the location of the 
further diamonds and their types (see Subsection l5.2l) . Several of these subcases have 
been investigated in various papers, having in mind a classification of all infinite- 
dimensional thin Lie algebras as a distant goal. We refer to the paper |CM04 , 
and to the references mentioned there, for a discussion of thin Lie algebras with 
second diamond in degree q, and to [CM99I IAM05 for those with second diamond 
in degree 2q — l. Here we restrict ourselves to some general and informal comments 
on the type of results which have been proved so far. 

The results in this subject typically come in pairs, of rather different flavour: 
namely, a uniqueness theorem and an existence theorem. The former states that 
a certain initial structure of an infinite-dimensional thin Lie algebra (formulated 
in terms of the location of the first few diamonds and their types), determines 
the algebra completely (within the class of thin Lie algebras). More precisely, a 
certain specified finite-dimensional thin Lie algebra is a quotient of a unique infinite- 
dimensional thin Lie algebra L. This is proved by producing a finite presentation 
for a central extension M (broadly speaking, the universal central extension of L). 
Usually L itself is not finitely presented, see Remark |5. 21 for a specific instance of 
this phenomenon. The existence result consists in the explicit construction of L, as 
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a loop algebra of some finite-dimensional Lie algebra S, with respect to a suitable 
cyclic grading, and sometimes with the intervention of an outer derivation of S. 

The latter type of result brings in an interesting connection with (usually simple) 
finite-dimensional modular Lie algebras, certain cyclic gradings of them, and their 
derivations. Their second cohomology group (with values in the trivial module) also 
plays a role, being closely related with the centre of M. Apart from the classical 
algebras of types A\ and Ai used in the construction of thin Lie algebras with second 
diamond in degree 3 and 5 (see CMNS96 Car98 ), all the remaining cases involve 
(non-classical) simple modular Lie algebras of Cartan type, namely Zassenhaus 
algebras and Hamiltonian algebras of various types. We recall the definitions of 
these algebras in Sections and and point out in Remark 13.11 other notations 
in use for them. In particular, infinite-dimensional thin Lie algebras with second 
diamond in degree q have been constructed as loop algebras of Zassenhaus algebras 
(which have dimension a power of p, see |Car97l ICar98l l^ar99| L and Hamiltonian 
algebras of the types H{2 : n;wo) = H(2 : n) (the graded simple Hamiltonian 
algebras, of dimension two less than a power of p, see |Avi02j ) and H(2 : n;u>i) 
(which are Albert-Zassenhaus algebras and have dimension a power of p, see | AM| 1 . 

A preliminary version of the present paper, which predated and inspired some of 
the other papers cited here, had as its main goal the construction of some infinite- 
dimensional thin Lie algebras with second diamond in degree 2q — 1 as loop algebras 
of Hamiltonian algebras H{2 : n; 0/2), which have dimension one less than a power 
of p. (In fact, a construction for those thin Lie algebras had already been given 
in |CM99| . but as loop algebras of certain finite-dimensional Lie algebras defined 
'ad hoc'.) The paper has somehow expanded after we have realised that some of 
our result may be of interest independently of their application to thin Lie algebras. 

Now we describe the contents of this paper in some detail. Our results are 
presented in Sections 0HE1 Sections El and |31 are expository and include information 
on low characteristics which is not easily accessible in the literature. Since much 
motivation for studying Lie algebras of maximal class and related classes of 'narrow' 
Lie algebras like thin Lie algebras comes from analogous classes of (pro-)p-groups, 
we have written the expository sections with the aim of making the paper accessible 
to the group theorist with little knowledge of modular Lie algebras. 

We have mentioned earlier the relevance of the second cohomology group (with 
values in the trivial module) of a finite-dimensional Lie algebra with presentations 
of the corresponding loop algebra. Therefore, we determine in Section^Jthe second 
cohomology group of the algebras H{2 : n; 0)2)- We do this according to the classical 
method used in Farnsteiner Far86b , which relates the group to the derivations 
of the algebra, exploiting the presence of a nonsingular associative form. The 
result is surely well known to experts, but we have been unable to find a suitable 
reference in the literature. We have also collected in Section 0] known information 
about derivations and the second cohomology group of H(2: n;cc>o), m all positive 
characteristics. 

In Section El we show how various cyclic gradings of H(2 : n;u>2) can be con- 
structed in a natural way, and how they relate to graded Lie algebras of maximal 
class and to certain thin algebras closely connected to them, which were also studied 
in |CM99 . Note that H(2 : n; U2) has a natural filtration, the standard filtration, 
inherited by the natural Z-grading of the divided power algebra on which it acts. 
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The filtration is not induced by a grading, however, in contrast to H(2 : n;wo), 
which is a graded Lie algebra of Cartan type. (Hence the cheap pun in the title.) 

The first manifestation of a connection between 'narrow' infinite-dimensional 
graded Lie algebras and certain finite-dimensional simple Lie algebras was in Shalev's 
construction in |Sha94a| of insoluble graded Lie algebras of maximal class, which we 
have mentioned earlier. The finite-dimensional simple algebras of Albert and Frank 
used by Shalev belong to the larger class of Block algebras, introduced in [Blo58 . 
It is known that Block algebras are Lie algebras of Hamiltonian Cartan type and, 
in particular, that the algebras of Albert and Frank are Hamiltonian algebras 
H(2: n;^), at least for p > 3. (We discuss this further and provide appropri- 
ate references towards the end of Section U3) In Theorem 16.11 we give an explicit 
isomorphism of the Hamiltonian algebras H{2: n;tt>2) with the algebras of Albert 
and Frank which is valid in every positive characteristic. 

The crucial property of the algebras of Albert and Frank exploited by Shalev 
in |Sha94a| is that they admit a cyclic grading with one-dimensional components, 
and a nonsingular derivation which permutes them transitively. Benkart, Kostrikin 
and Kuznetsov proved in |BKK95| and |KK96) that the only finite-dimensional 
simple Lie algebras with this property, over an algebraically closed field of charac- 
teristic p > 7, are the Hamiltonian algebras H(2: n;^). The proof rests on the 
classification of simple modular Lie algebras, which causes the restriction on p, but 
now a classification-free proof of this result for p > 2 is a consequence of [CNOO . 
A more thorough discussion, which includes the case of characteristic two, will be 
found in Section H3 The cyclic grading of H(2: n; W2) and the nonsingular deriva- 
tion are also the ingredients for discovering the isomorphism with a Block algebra 
exhibited in Theorem lti.il 

The determination of the second cohomology group of H(2: n;w2) in Section 0] 
depends on a knowledge of its derivation algebra. Since this piece of informa- 
tion is not easily available in low characteristics, we fill this gap by exploiting the 
other incarnation of H(2: n;o>2), as originally defined by Albert and Frank. Thus, 
in Theorem 16.21 we compute the derivation algebra of the algebras of Albert and 
Frank in arbitrary positive characteristic, by suitably modifying Block's original 
proof |Blo58| . which was valid for p > 3 only (although for a larger class of alge- 
bras). 

In |CM99| we constructed various thin Lie algebras with second diamond in 
degree 2q — 1. One can assign a type to each diamond of such algebras, taking 
values in the underlying field plus oo, in such a way that the locations and types of 
the diamonds determine the isomorphism type of the algebra (see Subsection 15.21 
for more details). The thin Lie algebras with all diamonds of type oo turn out to be 
closely connected with graded Lie algebras of maximal class. In particular, there is 
such a thin Lie algebra associated with each of the graded Lie algebras of maximal 
class constructed by Shalev in |Sha94a| . We describe that in Subsection 15. 21 as a 
loop algebra of H(2: n; L02) with respect to a suitable grading. In CM99| we also 
constructed thin Lie algebras with second diamond in degree 2q— 1 and all diamonds 
of finite types, as loop algebras of certain Block algebras. The Block algebras used 
111 CM99J are actually isomorphic with algebras of Albert and Frank (being simple 
Block algebras with G — Go, see Section [3 and according to known results, for 
example BW82, Lemma 1.8.3]), but were presented there in a different basis. As 
we have mentioned earlier, the original motivation for the present paper was finding 
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an explicit identification of those algebras with Hamiltonian algebras H(2 : n;w2) 
and describing a corresponding cyclic grading of the latter. We realize these two 
tasks in Sections |H] and [7| respectively. We should mention that coexistence of 
diamonds of both finite and infinite types is possible in the same thin Lie algebra. 
Such algebras are constructed in |AM05j , as loop algebras of Hamiltonian algebras 
H(2 : n;u>2) with respect to yet another grading. 
We are grateful to the referees for their comments. 

2. Generalities about some Lie algebras of Cartan type 

The Hamiltonian Lie algebras form one of the four families of Lie algebras of 
Cartan type W , S, H , K. Definitions of these families can be found in the recent 
book of Strade |Str04j . Here we will limit ourselves to a discussion of the general 
Lie algebra of Cartan type W(m : n), with a special attention for the Zassenhaus 
algebra W(l : n), and of two types of Hamiltonian algebras in the next section. 

Let F be a field of prime characteristic p, let n = (nx, . . . , n m ) be an m- tuple 

of positive integers, and put n = ri\ + V n m . The algebra of m divided powers 

truncated at n, denoted by F[xi, . . . , x m ; m, . . . , n m ] or F[m : n] for brevity, is 

Hi) a ) 

the F- vector space of formal F- linear combinations of monomials x\ ■ ■ ■ Xm with 
< % j < p nj , with multiplication defined by x^xj^ = ^a^^ , and extended by 
linearity and by postulating commutativity and associativity of the multiplication. 

Note that, as an algebra, F[m : n] is determined up to isomorphism by its di- 
mension p n , where n = ri\ + ■ ■ ■ + n m . In fact, it coincides (up to notation) with the 

free associative and commutative algebra on the generators xj p 3 \ for < j < m, 
< kj < rij, subject to the law x p = (that is, with F[xi, . . . ,x n ]/(x%, . . . ,a^)); 
this is easily seen by using Lucas' theorem |Luc78| to compute the binomial coef- 
ficient ( I* )■ In particular, a derivation of F[m : n] can be defined by sending the 
given free generators to arbitrarily chosen elements of F[m : n] and extending by 
the Leibniz rule; furthermore, every derivation is obtained in this way. 

However, F[m : n] comes equipped with an additional structure, namely a set of 
divided power maps, which tie the various p- (divided) powers of the same variable 
together Kac74. We will not need to know any detail about the divided power 
maps, except that the definition of special derivations given in |Kac74) or SF88 
singles out exactly those derivations of F[m : n] which are compatible with the 
divided power maps in a natural sense. It turns out that the special derivations of 
F[m : n] are those of the form D = f\ djdx\ + ■ ■ ■ + f m d/dx m with fj £ ¥[m : n], 
thus acting as Dx^p — fjX^ 1 ^ (where Xj' — 0). 

The Lie algebra of special derivations of ¥[m : n] (which coincides with the 
full derivation algebra of ¥[m : n] only when n\ = ■ ■ ■ = n m = 1) is denoted 
by W(m : n) and is called the general Lie algebra of Cartan type (or generalized 
Jacob son- Witt algebra). It is simple of dimension mp n , unless m = 1 and p = 2. A 
grading of W(m : n) over Z m is inherited from the natural Z m -grading of ¥[m : n], 
but it is the grading of F[m : n] given by total degree of monomials which induces 
the most important grading of W(m : n), called the standard grading: W(m : n) = 
Li, where Li is the subspace spanned by the derivations a;^ 1 ^ • ■ • it™' d/dxj 
with *! + •■■ + i m = i + l and j = 1, . . . , m (where r = p ni + • • • + p ,lm — m — 1). 

Remark 2.1. What we have described is the unique generalized Jacobson-Witt 
algebra, for fixed m and n, provided the field F is algebraically closed; since we 
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have taken F arbitrary of prime characteristic, W(m : n) is just one of possibly 
many F-forms of the generalized Jacobson-Witt algebra, see |S/ajjUj. for example. 
A similar proviso applies to the Hamiltonian algebras which we will describe in the 
next section, see |SW91| for a determination of the forms in the restricted case. 

In this paper we will actually only need the Zassenhaus algebras W(l : n), as 
they occur as distinguished subalgebras of the Hamiltonian algebras which we will 
consider. In this case the components of the standard grading are one-dimensional, 
Li being generated by Ei — x^ l+1 ^ d/dx, for i = —1, . . . , r (where r — p n — 2). 
Direct computation shows that 

In particular, we have [E-i, Ej] — Ej-i, and [Eq, Ej] = jEj. 

The Zassenhaus algebra has also a grading over (the additive group of) F p ™ , with 
graded basis consisting of the elements e a , for a E ¥ p n , which satisfy 

[e Q , ep] = (P - a)e a+l3 . 

In particular, note that [eo,e Q ] = ae a . The bases {Ei} and {e a } of W(l;n) are 
sometimes referred to in the literature (at least when n = 1) as a proper basis and 
a group basis, respectively. One way to obtain the group basis from the proper 
basis is noting that E—\ + E r spans a Cartan subalgebra of W(l;n), and com- 
puting the corresponding Cartan decomposition. Since ad(£Li + E r ) permutes 
E r _i,E r _2, . . . E\,Eq, E-\ + 2E r cyclically, one quickly finds the formulas 

fe =£U +E r 

\e a = E r + £•=-! a^E, for a € F£„ , 

where r = p n — 2. Note that the first formula is a special case of the second formula 
if we stipulate that 0° = 1. 
The inverse formulas are 

\E-i =eo+J2a e a 

[Ei = -J2a aT ~ le a fori = 0,...,r, 

where the summations are for a S F p ™ , and again for the case i = r we understand 
a a = 1 for any a E F p n , whence E r = — ^ a e a . 

We note in passing that the Zassenhaus algebra is not simple when p = 2, but 
has a unique non-trivial ideal, namely (Ei \ i =/= r) = (e a \ a ^ 0), which we will 
refer to as the simple Zassenhaus algebra. The above transition formulas are clearly 
valid in this case, too. As we will point out in the next section, a simple Zassenhaus 
algebra in characteristic two can also be regarded as a Hamiltonian algebra (and, 
in turn, as a Block algebra). 

Since the problem of inverting formulas similar to those which relate the bases 
{e Q } and {Ei} of the Zassenhaus algebra will occur repeatedly in this paper, we 
record the solution explicitly. To simplify notation and computations it will be 
useful to set 0° = 1 once and for all. The customary rules a l (3 l = (a/3) ! and 
a l a 3 = a l+J now hold for a,/3 in a field and i,j non-negative integers. Note that 
with this convention the expression X^ogf aJ > wnere ^? i s the finite field of q 
elements, becomes meaningful for every non-negative integer j; its value is —1 if j 
is a positive multiple of q — 1, and otherwise. 



8 



A. CARANTI AND S. MATTAREI 



Lemma 2.2. The linear relations 

9-1 

a a — a->bj, for a G ¥ q> 
j=o 

between elements a a (a € ¥ q ) and bj (j = 0, . . . , q— 1) of any vector space over ¥ q , 
are equivalent to the relations 

\b = a , 

\b 3 = -EaeF," 9-1 ^"^ for j = l,...,q-l. 
Proof. If a; is a primitive n-th root of unity in any field, then the sets of formulas 

n 1 n 

ai = 'S^ufibj, and bj = — Vjw -y dj, 
i=\ n i=l 

relating subsets {a^ | i = 1, . . . , n} and {bj \ j = 1, . . . , n} of any vector space over 
that field, are inverse of each other. This is an instance of a Fourier transform and 
its inverse over a cyclic group of order n, and can be easily proved using the fact 
that J2j=i w ' 3 equals n if i is a multiple of n, and otherwise. 

In particular, taking as u> a generator of F* , we obtain that the sets of formulas 

9-1 

a a = ^""^ a-'bj, and bj = — a~^a a , 

3=1 aeF* 

which relate elements a a (a G F 9 ) and bj {j = 0, . . . , q — 1) of any vector space over 
¥ q , are inverse of each other. 

Now consider the formulas a a = X)J=o for a e ¥ q , note that one of them 
is ao = bo, and write the remaining ones in the form a a — ao = S?=i °^bj. As we 
have seen above, these formulas can be inverted, and yield 

bj = - a -3 '(a a - ao) = -<fj,g-i a o - X! " = _ X! a9 1_:,a a' 

for j = l,...,q- 1. □ 
3. Hamiltonian algebras and Block algebras 

The Lie algebras of Cartan type S, H and K are defined as subalgebras of the 
generalized Jacobson-Witt algebra W(m : n), and depend on a choice of a certain 
differential form uj (or, equivalently, of a certain automorphism of W(m : n)). For 
this to make sense in general one must complete the algebra of divided powers 
F[to : n] to an algebra of divided power series. However, this will not be necessary 
to define the only Hamiltonian algebras which we will consider in this paper, namely 
H(2 : n;uij) for j = or 2. Note that the Hamiltonian algebras in two variables 
can also be considered as belonging to the Cartan series of special algebras (and 
thus be denoted by S(2 : n; ojj)). A rather condensed description of all four classes 
of Lie algebras of Cartan type, but complete with all the relevant references, can 
be found in |BKK95j , to which we also conform our notation. (See Remark 13.11 
concerning our notation.) For a more extensive discussion see |Str04| . 

As in the previous section, we assume only that F is a field of prime characteristic 
p, and point out which statements need restrictions on F as we go along. Let 
F[2 : n] = ¥[x, y; n\, n 2 ] be the algebra of divided powers in two variables x,y of 
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heights n = (nx,ri2). It will be convenient to put x — x^ p 1 x \ y — y( p 2 x \ and 
e = xy. Then H(2 : n; ujj) can be defined as the second derived algebra of 

H{2 : n;ujj) — {D 6 W{2 : n) | Duj = 0}, 

where luq = dx A dy and L02 = (1 — e) dx A dy. Note that the (formal) differential 
forms here are simply elements of the exterior algebra on the set {dx, dy} over 
F[2 : n]. In particular, the space of differential 2-forms is the free F[2 : n]-module 
on the basis {dx A dy}, and is a W(2 : n)-module via 

D(f dx A dy) = (Df) dx A dy + f d(Dx) A dy + f dx A d(Dy) 

for D e W(2 : n), where df = (df/dx)dx + (df/dy)dy. When dealing with 
derivations of H(2 : n;uij) it will be useful to consider the larger algebra 

CH(2 : n;ujj) = {D e W(2 : n) | Dlu 3 = clu 3 , c e F}, 

which contains H{2 : n;ujj) as an ideal of codimcnsion one and zero for j = 0,2, 
respectively. 

Remark 3.1. We should mention that the notation for the Lie algebras of Car- 
tan type is not uniform in the literature. In particular, H(-) sometimes denotes 
what we have indicated with H(-) here, and so one has to take the (first or) sec- 
ond derived algebra H{— )^ to obtain the simple algebra. Furthermore, special, 
Hamiltonian and contact algebras can also be obtained as subalgebras of the gener- 
alized Jacobson-Witt algebra (on an algebra of divided power series, in general) by 
means of certain automorphisms <I>, instead of differential forms u>. For example, 
our H(2 : n;uj Q ) and if (2 : n;w 2 ) are denoted by H{2;n)^ = H(2; n; id) (2) and 
H(2; tv, ^(t))^ in the book |Str04| . and similarly in many papers. We also note 
that, strictly speaking, the notation H(2 : n;uji) which we use here would be only 
justified when working over an algebraically closed field (and of characteristic large 
enough). This is because only in that case it can be shown that any form uj defin- 
ing a Hamiltonian algebra can be assumed to have certain specific forms u>o, u>i, 
u>2 (see |BKK95| and the reference therein for the most general results, but [Wil80 
Corollary 2] suffices for the Hamiltonian algebras H(2 : n;^) under consideration 
here). Whenever we consider H(2 : n;^) over an arbitrary field in this paper, we 
refer to the specific form defined above. 

Since the space of differential 2-forms on F[2 : n] has a natural structure of 
graded module for the Z 2 -gradcd Lie algebra W(2 : n), and luq is a homogeneous 
element with respect to this grading, H(2 : n;wo) and CH(2 : n;wo) are graded 
subalgebras of W(2 : n) with respect to the Z 2 -grading. In particular, they are also 
graded subalgebras with respect to the standard grading of W(2 : n), and thus they 
acquire what is called their standard grading. They are usually referred to as the 
graded Lie algebras of Hamiltonian type, in contrast to their relatives with respect 
to forms of type u>\ and 0J2, which are only filtered. 

Thus, in determining an explicit expression for the generic element D of these 
subalgebras one may assume that D is ho mogene ous with respect to the Z 2 -grading 
of W{2 : n). A simple computation as in |KS69l pp. 255-257], or |gF88l p. 162ff.] 
(where the assumption that p > 2 is not used before Theorem 4.5) shows that if (2 : 
n; uiq) consists of the derivations of F[2 : n] of the form T>h (/) = f y d/dx — f x d/dy 
for some / £ P{2 : n;cj ) = F[2 : n] © {x {pni \ y (p " 2) ) (where f x and f y stand for 
df /dx and df /dy, respectively), and that CH(2 : n; u>o) = H(2 : n; ujq) © (x d/dx). 
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The latter can be written in the more symmetric form H(2 : n;wo) © {xd/dx + 
yd/dy) if p > 2. Since 

d d 
[D H (f),V H (g)\ = (f v g x - f x g v ) v -^ - [f y g x - f x g y ) x -^ = T> H (V„(f)(g)), 

the map T>h is a homomorphism from the H(2 : n; wo)-module P(2 : n; ujq) onto the 
adjoint module for H(2 : n; uj ), with kernel (1). The associative (and commutative) 
algebra P(2 : n; lvq) can be endowed with an additional structure of Lie algebra with 
respect to the Poisson bracket {/,<?} = T>H{f){g) — f y g x — /xSy, and the map T>h 
yields a Lie algebra isomorphism from P{2 : n;wo)/(l) onto if (2 : n;wo). (Note 
that our notation for the map T>h and, consequently, for the Poisson bracket, 
differs in sign from that of |SF88| . and agrees with |Kos96j or |BQ88j instead.) 
Under this isomorphism, the second derived subalgebra H(2 : n; ojq) of H{2 : n; ujo) 
corresponds to the subalgebra 

P(2 : n;^ )/(l) = (x^y® G F[2 : n] | x^y^ ? e)/(l), 

of dimension p n — 2, where n — rt\ + ri2- This is a simple Lie algebra if p > 2, 



see 



KS69 or SF88 . In characteristic two it is simple provided n\ > 1 and n 2 > 1, 
as one can prove along the lines of Theorem 3.5 or Theorem 4.5 of SF88, Chapter 
4]. However, P{2 : (1, n 2 ); u) )/{l) has (y® \ < j < 2™ 2 )/(l) as an ideal. In fact, 
it is the split extension of a simple Zassenhaus algebra by its adjoint module. It 
can also be viewed as the tensor product of a simple Zassenhaus algebra with the 
algebra of divided powers ¥[z : 1]. 

Since the Lie algebra homomorphism T>h is also a homomorphism of H(2 : 
n; <x>o)-modules, the action of ad"D#(/) as an inner derivation of the Lie algebra 
structure of P(2 : n;o;o) coincides with the action of T>jj(f) as a derivation of the 
associative algebra structure of P(2 : ii;ujo). This will be useful when computing 
with derivations of H(2 : n;wo) in Sections 0] and For this reason we will simply 
regard T>u{f) as a derivation of the Lie algebra H(2 : n;wo) (rather than the 
more cumbersome notation adZ?y(/)). A word of caution, however: this does not 
extend to derivations of P(2 : n;wo) which are not inner. In fact, T>jj is not a 
homomorphism of CH(2 : n; wo)-niodules, because [D,T>H(x^y^)] = (i + j — 
2)V H {x ( - i) y {j) ) while D(x^y^) = (i + j)x&yV\ for D = xd/dx + yd/dy. 

In this paper we will find convenient to always talk about H(2 : n;o;o) while 
actually carrying out explicit computations inside P(2 : n; ujq)/ (1) with the Poisson 
bracket (and similarly for H{2 : n;ct>2), later). Writing x^'y^ for xwyw + (1) we 
have 

= N(i,j,k,l)x( i+k - r >y( j+l - 1 \ 



where 



N(i,j,k,l) 



i + k - l\n + 1 - 1\ _ /i + k - 1\ /i + 1 - 1 



The Z 2 -grading of L = H(2 : n;uj ) is L = Lij, where = 

!; (*+i)yU+ 1 )) m the Poisson bracket notation, and the standard grading is L = 
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©feez ^ fc ' where Lk = 53i+j=fc ^id consists of all homogeneous polynomials of de- 
gree k + 2. Note that Lk is trivial unless — 1 < k < p ni + p U2 — 4 (or unless 
— 1 < k < p ni +p" 2 — 5, if we restrict our attention to if(2 : njwo)). 

We consider now CH(2 : n; UJ2). Although the form u>2 is not homogeneous with 
respect to the Z 2 -grading, it becomes so with respect to the grading obtained by 
viewing it modulo (p ni — l,p n2 — 1). Thus, CH(2 : n;oj2) is a graded subalgebra 
of W(2 : n) with respect to its A-grading, where A = Z 2 /((p ni - l,p na - 1)). We 
will examine some specializations of this grading in Sectional Consideration of A- 
homogeneous elements makes it straightforward to determine an explicit form for 
the elements of CH(2 : n;^)- One finds that if (2 : n;w2) coincides with CH{2 : 
n;w 2 ), and can be identified with P(2 : n;w 2 )/(l) = (F[2 : n]®{x^ ni \ y (p " 2) ))/(l) 
with the Poisson bracket {f,g} = (1 + e)(f y g x — f x g y )- The derived subalgebra 
H(2 : n;w2) of H(2 : n;^) has dimension p n — 1 and corresponds to F[2 : n]/(l) 
with the Poisson bracket. It is simple (in every characteristic), as will follow from 
its identification, given in Section|Bl with a certain Block algebra, whose simplicity 
was proved in Blo58 . In characteristic two H{2 : (1, n);u)i) is isomorphic with the 
simple Zassenhaus algebra of dimension 2" +1 — 1, an isomorphism being obtained 
by mapping xy^ i— > Ej-i and i— > Ej+2 n -2- A curious consequence of this 
isomorphism is that in characteristic two H(2 : (l,rz.);£J2) can be embedded in 
if (2 : (l,n+ l);w 2 ) as a subalgebra, namely as the simple Zassenhaus subalgebra 
(xy® :j=0,...,p" +1 -2}. 

The Poisson bracket of monomials 

{xWyW , x (k) y (l) } = (1 + e) N(i, j, k, I) x ( l + fc - 1 ) y 0'+'- 1 ) 

for if (2 : n; 012) coincides with that for H(2 : n; uio) except for the products {y, x} — 
— {x,y} — e. This shows that the A-grading of H(2 : n;cj 2 ) cannot be lifted to a 
Z 2 -grading. For the same reason, if (2 : n;w2) is not Z-graded by the subspaces 
Lk = J2i+j=k defined as before. However, it is filtered by the subspaces L k = 
J2h>k Lh, that is, L = L- 1 D L° D L 1 D ■ ■ ■ (where L k = for k > p™ 1 +p™ 2 - 4), 
and [L h , L k ] C L h+k . This is called the standard filtration of if (2 : n; U2), and the 
graded Lie algebra associated with it is ff(2 : n;wo). 

We should point out here that both Hamiltonian algebras if (2 : n;wo) and 
if (2 : n;w2) were originally constructed in a different way. In fact, after being 
introduced first in |AF55j among other examples, they became special cases of a 
more general construction due to Block Blo58 . We briefly recall only a special 
case of Block's construction which is relevant to the present paper, and we refer 
to |Blo58| or |Sel67l p. 110] for full generality. 

Let G be an elementary abelian p-group of order p n , written additively, let 
8 G G, and let / : G x G — > G be a non-singular biadditive function of the 
form /(a, (3) = g(a) h{(3) — g((i) h(a) for some additive functions g,h : G — > G. 
A vector space L over a field F of characteristic p, with basis {u a \ a G G} in 
bijective correspondence with the elements of G, becomes a Lie algebra by defining 
a multiplication on the basis elements via [u a , up] — /(a, (3) Ua+p-g and extending 
linearly. The element uq is central in L, and the elements u a with a ^ S span 
an ideal of L. If S = the ideal (u a | a ^ 0) is a simple Lie algebra, and if 
5^0 the quotient (u a | a ^ S) / (uq) is simple. In both cases the simple algebra 
is called a Block algebra. (These special cases of Block's construction had already 
been introduced by Albert and Frank in |AF55j . and denoted by Cq and Cs there; 
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in this paper we refer to the algebras Cs with 8 ^ as algebras of Albert and Frank, 
conforming to |Sha94al ICMN971 l( ^NOOj .1 

It is known that if F is algebraically closed of characteristic p > 3 the above 
special cases of Block's construction yield exactly the Hamiltonian algebras H{2 : 
n;uj2) if 8 = 0, and the algebras H(2 : n;wo) if <5 ^ 0. For example, this is stated 
in BW82, Lemma 1.8.3] under the blanket assumption of that paper that p > 7, 
but the proof given there is seen to be valid for p > 3. (In particular, one ingredient 
of that proof, namely |Wil80l Corollary 2], was o riginally pr oved forp > 5; however, 
it is now a special case of more general results in [BGO "^89] or |Skr90| which assume 
only p > 3.) 

Note that the method of proof of |BW82I Lemma 1.8.3] does not easily produce 
explicit realizations of H(2 : n;uio) and H(2 : n;u>2) (with respect to the given 
forms) as Block algebras. In fact, in essence (using automorphisms $ rather than 
forms to), it shows that for appropriate choices of the form lo the Hamiltonian 
algebra H(2 : n;w) is a Block algebra of dimension p n — 2 or p n — 1, and then 
appeals to [BW821 Theorem 1.8.1] (which quotes jWilSOl Corollary 2]) to conclude 
that H(2 : ii;uj) = H(2 : n;u>i) for i = or 2, respectively. In Sectional of the 
present paper we do give an explicit realization of H (2 : n; LJ2) as a Block algebra, 
and we do that for arbitrary prime characteristic p (thus including 2 and 3). We 
mention that, more generally, it was announced in |KK94| and proved in [KK96 
that every algebra H{m : n;w2) is a Block algebra. 

4. The second cohomology group of H(2 : n;w 2 ) 

In this section we appeal to some results which were formulated under the as- 
sumption that the ground field is algebraically closed, or at least perfect; since 
derivations and cohomology are essentially independent of the ground field, these 
assumptions are immaterial here in view of Rcmark l3.ll We assume that the ground 
field has odd characteristic. At some stage in the discussion we also need to assume 
that the characteristic p is greater than three (see Remark 14.31 for the case p = 3), 
but our main result, Theorem 14.21 does not depend on this assumption. Finally, 
we deal with the case of characteristic two in Remarks 14.41 and 14.51 

The dimensions of the second cohomology groups H 2 (L,¥) of some graded Lie 
algebras of Cartan type with values in the trivial module were computed in [Far86b 
(but see also |Dzh84| L In particular, according to |Far86bl Theorem 2.4], H 2 (L,¥) 
has dimension n\ + n 2 + 1 for the graded Hamiltonian algebra L = H(2 : n;wo). 
Here we compute H 2 (L,W) for L = H{2 : n;u>2) and show that it has dimension 
rii + 7i2- (In the special case n = (1,1) this can essentially be found in Str91 
Theorem 6.3].) 

Following Far86bj, we briefly recall the classical method (see [^el67 p. 102]) 
employed there to compute H 2 (L,¥) from the space of outer derivations of L, in 
presence of a nondegenerate associative form on L. In addition, we exhibit a basis of 
H 2 (L,¥) for L = H{2 : n;wo)- According to Far86b, Proposition 1.3], for any Lie 
algebra L over a field F there is an injective homomorphism H 2 (L,¥) — > H l (L, L*), 
where L* denotes the dual of the adjoint module of L. This monomorphism is 
induced by the map ip 1— > D v which sends a 2-cocycle ip £ Z 2 (L,¥) to the derivation 
D v : L — > L* with D v (£) = <^(£, •). Furthermore, the image of the monomorphism 
consists of the cohomology classes represented by skew derivations, that is to say, 
derivations D : L — > L* which satisfy D(£)(r]) = — _D(7/)(£), for all £,77 G L. 
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Now assume that L possesses a nondegenerate associative form A, that is, a 
symmetric bilinear form A:Ixi->F satisfying \([£,t]],6) — A(£, [17, 9]) for all 
£, 77, 6> e L. (Note that the latter condition together with anticommutativity of the 
Lie bracket easily implies that A([£, 77], 9) = X(9, [£, 77]), hence the symmetry of A is 
automatic if L is perfect. In particular, in view of the interpretation of associativity 
which we are about to give, there are non nonzero L-module homomorphisms L A 
L — > F if L is perfect, in odd characteristic.) Since the associativity condition can 
be written in the equivalent form A( [77, £],#) + A(£ , [rj, 9]) =0, it simply means that 
the corresponding linear map X : L ® L — > F is a homomorphism of i-modules 
into the trivial module. Consequently, the adjoint module of L is self-dual; this 
condition is, in fact, equivalent with the existence of a nondegenerate bilinear form 
on L satisfying associativity but not necessarily symmetric. 

By composition with the inverse of the X-module isomorphism L — > L* given 
by £ 1— > A(£, •), the monomorphism H 2 (L,¥) — » H (L,L*) turns into a monomor- 
phism H 2 (L,¥) — > H l (L,L) = Der(L)/ ad(L), where ad(L) is the space of inner 
derivations of L. Its image is SkDer(L)/ ad(L), where SkDer(L) denotes the space 
of all derivations D : L — > L which are skew with respect to the associative form 
A, that is, which satisfy A(-D(£), 77) = —X(D(rj),^) for all £,77 G L (see the Remark 
after Proposition 1.3 of |Far86bj ) . Writing this condition in the equivalent form 
X(D + X(£,D(r])) — shows that a derivation D of L is skew exactly if D 
annihilates the form A viewed as an element of (L ® L)*, the dual of the tensor 
square of the adjoint module of L; it follows, in particular, that SkDer(L) is a 
p-subalgebra of Der(L) containing all inner derivations of L. 

The isomorphism H 2 (L,¥) — » SkDcr(i)/ ad(L) is actually induced by an iso- 
morphism Z 2 (L,F) — > SkDer(L), which we describe here for convenience. Because 
of the nondegeneracy of A, for each cocycle ip £ Z 2 (L, F) there is a unique derivation 
: L — > L, necessarily skew, such that 

HD v (£),n) =¥>(£, 7?) foralU,77GL. 

Conversely, the 2-cocycle associated with the skew derivation D : L — > L is given 

by 

^(£»)(£,77) = A( J D(0,r?) foralH,77GL. 

Now we apply these well-known facts to the Hamiltonian algebras under consid- 
eration (the case of H(2 : n;u>o) being already dealt with in Far86b ). It is known 
from Far86a, Theorem 4.4] or SF88, Chapter 4, Theorem 6.5] that the graded 
algebra H (2 : n; w ) has a non-degenerate associative form A, which in our notation 
becomes 

X{x (l) y u \x {k) y {l) ) = {-iy +] S{i + k,p ni - l)5(j + l, P n2 - 1). 

Thus, the dual basis of {jWj/W} with respect to the nondegenerate form A is given 
by (xWyO'))* = (_i)^ x (p" 1 -i-*) y (p' l2 -i-i). 

We assume now that p > 3. The derivation algebras of the simple Lie algebras 
of Cartan type are known and are summarized in BKK95, pp. 903-905]. (Alter- 
natively, the derivation algebras of Block algebras, which include the Hamiltonian 
algebras under consideration here, were already computed in Blo58, Theorem 14], 

again for p > 3.) In particular, it is known that DerH(2 : n;u>i) = CH(2 : n;wi), 
the 73-closure of CH(2 : n;a;j) in DerF[2 : n], for i = 0,2. More explicitly, a basis 
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for the space of outer derivations L = H(2 : n; luq) (or, more precisely, a set of rep- 
resentatives for a basis of -ff 1 (L,L) = Der(L)/ ad(L)) consisting of homogeneous 
derivations with respect to the Z 2 -grading is as follows. 

(1) (a,dx) p , of degree (0, — p r ), for < r < rt 2 ; 

(2) (ady) pS , of degree (-p s ,0), for < s < m; 

(3) ad^^" 1 )), of degree (p ni - 1, -1); 

(4) ad(y( p " 2 )), of degree (-l,p™ 2 - 1); 

(5) ad(xy) = [ad^" 1 )), ad(y( p " 2 ))], of degree (p ni - 2,p" 2 - 2); 

(6) the degree derivation ad/i, which has degree (0,0) and acts as 
(adh)(x®yV)) = (i+j- 2)x^y^\ 

Note that the derivations under (1) and (2) are powers of inner derivations of H (2 : 
n;w ); together with the inner derivations, they span its p-closure H{2 : n;u>o)- 
We have denoted the derivations under (3), (4) and (5) as restrictions of inner 
derivations of H(2 : n;u!o). Finally, the degree derivation is the restriction of the 
inner derivation adh of W(2 : n), where the element h = xd/dx + yd/dy has no 
analogue in the Poisson bracket notation which we have adopted. 

All derivations listed above except the degree derivation (because p > 3, but 
see Remark 14.31 for p — 3) are skew with respect to A (by direct verification, or 
from | Far86bl Proposition 2.2]), and hence dim(H 2 (L,¥)) = dim(D er(£)/ a d(JD)) - 
1 = m + n 2 + 1 for L and p > 3 (cf. |Far86bl Theorem. 2.4] and |Dzh84| 1. A set 
of ni + ri2 + 1 cocycles of L = H(2 : n;wo) which form a basis of H 2 (L,¥) can 
be obtained from the skew derivations described above according to the procedure 
described earlier. Note that since A : L ® L ^ F is a graded map of degree 
(— p ni + 3, — p 112 + 3) (where the trivial module F is assigned degree zero), the 
cocycles thus obtained are homogeneous with respect to the grading of Z 2 (L,¥) 
inherited by the Z 2 -grading of L. A conclusion which is more relevant for us is 
that the universal central extension M of L (see Remark l5.2H inherits a Z 2 -grading 
from L, and the central elements corresponding (see Remark 14.111 to the cocycles 
obtained are homogeneous. We record the degrees explicitly: if D is a homogeneous 
skew derivation of degree then the central elements of the universal central 

extension M of L corresponding to the cocycle ip(D) acquires degree (p ni — 3 — 
'•/'"•' A 

Remark 4.1. Strictly speaking, central elements of M correspond naturally to ele- 
ments of the second homology group H2(L, F), and not of its dual H 2 (L, F). There 
is, however, a natural correspondence between the homogeneous components in the 
A-gradings of H2(L,¥) and its dual H 2 (L,¥), reversing the sign of the degrees. 
The fact that all these components are one-dimensional in the present case (and in 
the case of L = H(2 : n; 0J2) below) justifies our abuse of language. 

Now we turn our attention to the filtered algebra H{2 : n;^)- This algebra 
has a non-degenerate associative form A (see |Blo58l Theorem 7]), defined by the 
same formula given above for if (2 : n;cJo) with, in addition, X(xy,xy) — 1 and 
A(-,-) = in all remaining cases. Again from |BKK95| (or the original source 
Kuz89, Theorem 3.2]), all outer derivations of H(2 : n\u>2) are lifted from part of 
those of its associated graded algebra, which is H(2 : n;wo) © (xy). Specifically, a 
basis for the space of outer derivations of H (2 : n; L02) is given by 

(ada;) p for < r < 712, and (ady) p for < s < n%. 
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(Note that (a,dx) p 2 and (ady) p 1 induce the derivations ad(x^ p and ad(z/ p 2 )) 
on the associated graded algebra.) In particular, all derivations of L = H(2 : n; 0J2) 
belong to its p-closure in Der(L) and, consequently, they are all skew. 

So far our assumption that p > 3 was in force. However, the n\ + ni derivations 
of L = H(2 : n;cj2) which we have described clearly remain linearly indepen- 
dent in Der(L)/ad(i) also for smaller characteristics, provided in characteristic 
two we replace the degree derivation (which coincides with the inner derivation 
a,d(xd/dx — yd/dy) — a,d(D(xy)) in that case) with a,d(xd/dx). In Section H3 
we will identify H(2 : n;^) with an algebra of Albert and Frank (a special type 
of Block algebra, see Section |3J), and we will prove (extending results obtained 
in [Blo58| for characteristic p > 3) that its space of outer derivations has dimen- 
sion ri\ + 7i2, in every positive characteristic. Consequently, the derivations of 
H(2 : n;w2) described above, but with &d(xd/dx) replacing the degree derivation 
(a change which is only relevant in characteristic two), form a basis for its space of 
outer derivations regardless of the characteristic. 

Setting <p r = ip((a,dx) p ) and Vs = l -p{{&dy) p ), the following result follows by 
direct computation. 

Theorem 4.2. A basis for the second cohomology group H 2 (L,F) of the Hamil- 
tonian Lie algebra L = H(2 : n;w2) over a field F of odd characteristic is given by 
the classes of the cocycles ip r and ip s , for < r < ria and < s < n\, as defined by 
the following formulas: 

Vr {x {i) y {3 \x {k) y {l) ) 



iP s (x (l) y^\x (k) y( l) ) 

The ^4-degrees of the cocycles ip r and ip s are (2,—p r + 2) and (— p s + 2,2), 
respectively. The central elements of the universal central extension M of L = 
H(2 : n; W2) (see Remark I5.2JI corresponding to them acquire ^4-degree (— 2,p r — 2) 
and (p s — 2, —2), respectively. 

Remark 4.3. It is easy to verify that the degree derivation of H(2 : n; u>o) acts on A, 
considered as an element of (L®L)*, as multiplication by 6. In particular, when the 
characteristic is three (or two, but see Remark 14 . 51 concerning this case) the degree 
derivation is skew (cf. [Far86bl Proposition 2.2]), and the second cohomology group 
of H(2 : n;wo) becomes larger. Also, the derivation algebra of L can be larger 
(see [SF88I p. 197]). In particular, the graded Hamiltonian algebra L = H(2 : 
(1,1); wo) m characteristic three is a classical Lie algebra of type A2, namely, L 
is isomorphic to the quotient of SI3 modulo its one-dimensional center, see [;Skr98 
Lemma 6.4]. According to |Blo58l Corollary 3] and the identification of Hamiltonian 
algebras with Block algebras, this is the only instance for p > 2 where an algebra 
H(2 : n;wo) or H(2 : n;^) is isomorphic with a classical algebra. It is well 
known that Der(L) is a fourteen-dimensional classical algebra of type G2 (cf. Skr98 
p. 678]), hence dim(Der(L)/ ad(L)) = 7. The additional three derivations with 
respect to those described earlier can be obtained from adx^ 3 \ ad?/ 3 ) and adxy 



if(i + k,j + l) = (0,p r ) 

(mod {p ni - l,p Tl2 - 1)) 
otherwise; 

if(i + k ,j + i) = Cp s ,o) 

(mod (p ni - l,p Tl2 - 1)) 
otherwise. 
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by conjugation under the automorphism x^'y^ i— » (— l) u 2;( 2 ~ l )?/ 2 ~.?) of L. Since 
all derivations are skew in this case, we conclude that H 2 (L,¥) has dimension 7 
(but see |vdK73l p. 38] for another proof of this fact). 

It is easily checked that exactly one of those three 'exceptional derivations' of 
H(2 : (1,1); wo) extends to a derivation of H(2 : (l,n.2);wo) for n-i > 1. These 
additional derivations account for all the exceptions in characteristic three with 
respect to the description of outer derivations of H (2 : n; u>q) in higher characteristic 
given earlier in this section. This follows from Skr98, Proposition 4.3] and a general 
fact about derivations of nonnegative degree (in the standard grading) of graded 
Lie algebras of Cartan type, see e.g. [BF88 Chapter 4, Proposition 8.3]. The 
derivations of L — H(2 : n; ujq) in characteristic three can be summarized as follows: 
dim(Der(L)/ ad(L)) equals ni+n2 + 2 if n\,n<x > 1 (like in higher characteristic), it 
equals n±+n2 + 3 if n\ = 1 < ri2, and it equals 7 if rt\ = 712 = 1. Since all derivations 
of L are skew in characteristic three, we have dim(H 2 (L, ¥)) = dim(Der(L) / ad(L)). 

Remark 4.4. Again according to Ocr98 Proposition 4.3] and |SF88I Chapter 4, 
Proposition 8.3], the derivations of a simple algebra H(2 : n;wo) in characteristic 
two (hence with n\,n% > 1) allow the same description as in characteristic greater 
than three, by the list given earlier in this section, except that the degree derivation 
in item (6) (which is inner in characteristic two, as it coincides with a,dxy) should 
be replaced with the derivation acting as D(x^y^) = (i— 1) x^y^K In particular, 
Der(L)/ ad(L) has dimension m + 122 + 2. 

The algebra H(2 : (l,n2);wo) m characteristic two has more derivations than 
usual. Since it is a semidirect product of a simple Zassenhaus algebra by its adjoint 
module, its derivations can be easily calculated from those of the Zassenhaus algebra 
(see Remark 14.60 . In fact, if L is a semidirect product of a simple algebra S by 
its adjoint module, then dim(Der(L)) = 2 dim(Der(S')) + 2 in characteristic two, 
and dim(Dcr(L)) = 2 dim(Dcr(5)) + 1 otherwise. Consequently, Der(L)/ad(L) has 
dimension 2 n 2 + 2 for L — H(2 : (1, ria); ojq). Alternatively, since H(2 : (1, n 2 ); ojq) 
is the tensor product of a simple Zassenhaus algebra with a ring of divided powers 
¥[z : 1], the conclusion follows from Blo69, Theorem 7.1]. 

Remark 4.5. In characteristic two the argument which relates derivations of L into 
L* and the second cohomology group of L needs to be modified as follows. 

The image of the map Z 2 (L,¥) —> Z 1 (L, L*) consists of all derivations which 
are alternating, in the sense that D — for all £ g L. This condition is 

equivalent to being skew in odd characteristic, but is stronger in characteristic two. 
(It is convenient to reserve the term skew for the weaker condition, as it applies in 
slightly greater generality; see |Far86b| . where Lemma 1.1 remains valid for skew 
derivations, but not for alternating derivations, in characteristic two.) In presence 
of a nondegenerate associative form A, a derivation D of L will be called alternating 
with respect to A if \(D = for all £ G L. Since inner derivations of L are 
alternating, there is an isomorphism of H 2 (L,¥) with the quotient of the space of 
alternating derivations by the space of inner derivations of L. Note that while the 
space of skew derivations is a p-subalgebra of Der(L) (in every characteristic) , the 
space of alternating derivations is a Lie subalgebra but need not be a p-subalgebra 
in characteristic two (as shown by the examples below). 

In order to verify that a skew derivation is alternating it suffices to check that 
D(0(0 — f° r a H elements £ of some basis of L. Also, if L is graded and its 
associative form is homogeneous with respect to the grading (as is the case for 
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the Z 2 -grading of H(2 : n;wo) and the A-grading of H(2 : n;(x>2)) it is enough to 
check derivations which are homogeneous with respect to the grading, because the 
alternating derivations form a graded subalgebra (as well as the skew derivations). 

For L — H(2 : n;ajo) with ni,ri2 > 1, all derivations described earlier in this 
section (taking Remark 14.41 into account) are alternating, except adz" 5 1 ' and 
adi/ p 2 \ which are only skew. Therefore, H 2 (L,¥) has dimension m + n>2. An 
examination of L = H{2 : (l,n2);wo) shows that the alternating derivations are 
exactly those which normalize the Zassenhaus subalgebra (xy^ : j = 0, . . . , 2™ 2 — 2) 
(together with the inner derivations). These correspond to the derivations described 
under items (1), (5) and (6) in the list given earlier in this section, and we conclude 
that H 2 (L,¥) has dimension n\ + in this case, too. 

In the case of L = H(2 : n;^) all alternating derivations are inner. As a 
consequence, in characteristic two we have H 2 (L,¥) = 0. 

Remark 4.6. Recalling from Section that the simple Zassenhaus algebra L — 
W(l : n)^ in characteristic two is isomorphic with L = H(2 : (l,n — l);ct>a)) the 
previous remark shows that its second cohomology group H 2 (L,¥) vanishes. By 
contrast, the second cohomology group of the Zassenhaus algebra W(l : n) in odd 
characteristic has dimension one if p > 3, and dimension n — 1 if p = 3 (as a special 
case of |Far87l Theorem. 3.2] or |Dzh84 ). The second cohomology group of the 
simple Zassenhaus algebra was also computed in |Dzh85l Theorem 2]; however, note 
that the central extensions of W(l : n)^* 1 in characteristic two which are exhibited 
there are not Lie algebras in the common sense, because their multiplication is 
(skew-)symmetric but not alternating. For the sake of completeness we mention 
that the algebra of outer derivations of the simple Zassenhaus algebra W(l : n)W 
has dimension n — 1 if p is odd and n if p = 2. This is well known, but the case 
where p = 2 is also a consequence of Theorem 16.21 

Remark 4.7. The last sentence in |Blo58) claims that there is no isomorphism be- 
tween a Block algebra and an exceptional (classical) simple algebra except when 
p = 2 and the algebra has dimension 14, since otherwise their dimensions are dis- 
tinct. This may leave some doubt on whether in characteristic two H(2 : (2, 2); ujq) 
might be isomorphic with a simple algebra of type G2 (which, in turn, is isomor- 
phic with the quotient of SI4 by its one-dimensional center). However, according 
to |vdK73j the second cohomology group of the latter has dimension 7, and this 
fact together with Remark 14.51 excludes the possibility of an isomorphism. 

5. Some cyclic gradings of H(2 : n;w 2 ) 

The A-grading of H{2 : n; W2) defined in Section [3] leads in a natural way to sev- 
eral gradings (here called specializations) over cyclic quotients A of A — Z 2 /((p ni — 
l,p n2 — 1)). More precisely, for any pair of integers (R,S) and any divisor N of 
R{p ni — 1) + S(p n2 — 1) we have a group homomorphism [i : A — > A — Z/NZ given 
by = Ri + Sj + NZ. Correspondingly, we obtain an A grading L = © feGj 4 L/. 

by setting L k = £ Mjj)=a . L id . In what follows we set N = \R(p ni -1)+S(p n2 -1)|, 
since the remaining cases can be obtained from these gradings through a further 
specialization. Also, it is no loss to assume that the homomorphism is surjective, 
which amounts to choosing R and S relatively prime (because of our choice of N) . 
To help visualizing the grading thus obtained, it may be convenient to arrange the 
monomials in H(2 : n; 0*2) in a (p ni x p™ 2 )-array according to the degrees of x and 
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y, and think of the specialization process as slicing the A- grading according to some 
specified direction. 

The simplest specialization where (R,S) = (0,-1) will be useful in Section [7| 
This is a Z/./VZ- grading with N = p ri2 — 1, every component has dimension p ni 
and is spanned by all monomials where y has a given degree 1 < j < p" 2 — 2, 
except the component of degree 1, which has dimension 2p ni — 1 and is spanned 
by all monomials where y has degree or p n2 — 1. The component of degree is 
isomorphic with a Zassenhaus algebra 1^(1 : ni). 

The following two specializations of the A-grading of H{2 : n;^) are more 
interesting. 

5.1. A grading related to graded Lie algebras of maximal class. Let (R, S) = 

(— p n ' 2 ,~ 1). Then N = p n — 1, and all components are one-dimensional. 
In fact, L ip »2 +j = (x ( >P" 1 ~ l ')y(p" 2 -ti), for < i < p ni and < j < p ri2 with 
ihj) 7^ iP ni iP" 2 )- Furthermore, L has an outer derivation 

which is non-singular and homogeneous of degree one (with respect to the grading 
under consideration) . Hence D permutes the components of the grading cyclically, 
namely DLk = £fe+i for all i. (Recall from Section that we write D for adD, 
since the latter acts the same way as a Lie algebra derivation of P(2 : n;^) as D 
acts as a derivation of the associative structure.) In fact, we have 



Dx {i) y {3) = yx {i - 1} y (j) + (1 + e)i (l V rl) = 



x^-Vy if j = 0, 

(1 + e)x { ^y {j - 1) if j > 0. 



In particular, the derivation D is periodic of period p n — 1. Note that D is the 
derivation denoted by Di in |BKK95I p. 911], viewing the Hamiltonian algebra 
H(2 : n;uj2) as the special algebra S(2 : n;^)- 
We quote from |Kos96j the following definition. 

Definition 5.1. We say that a finite-dimensional Lie algebra L admits a nonsin- 
gular derivation D agreeing with a Z/NZ- grading L = © feeZ /jvz if DLk = Lk+\ 
for all k e Z/NZ. 

It will be convenient to allow any finite cyclic group to replace Z/NZ in the 
definition, provided we specify a distinguished generator of it (to play the role 
of 1). The situation described in Definition 15.11 where all components Lk have 
dimension one played a crucial role in |SZ92| and |Sha94b| . 

Suppose L is a finite-dimensional Lie algebra possessing a nonsingular derivation 
which agrees with a Z/iVZ-grading with one-dimensional components. We build 
the corresponding twisted loop algebra © fceZ ® t h inside L <8>f F[i, t -1 ], where k 
denotes the residue class of k modulo N. The Lie algebra spanned by its positive 
part © fc>0 Lj, ® t k together with its derivation D <g) t is a graded Lie algebra of 
maximal class in the sense of |CMN97| . With a harmless abuse of language we will 
call the latter the loop algebra of L. 

In particular, the loop algebra of H{2 : n;a>2) with respect to the derivation D 
and the grading which we have just constructed is a graded Lie algebra of maximal 
class, and precisely one of those which we have named after Albert-Frank-Shalev 
in |CMN97| . We will come back to this grading in Sectional 
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Remark 5.2. We comment briefly on the relevance of the second cohomology group 
of H(2 : n;w2), which we have discussed in Section 0J to presentations of the 
algebras of Albert-Frank-Shalev AFS(a,b,n,p) (see Section for their definition). 
Although these algebras are not finitely presented, it is proved in |Car01| that 
they are quotients of certain finitely presented Lie algebras modulo their second 
centers. Knowledge of the second cohomology group of H(2 : n; UI2) sheds light on 
these particular extensions of the algebras of Albert-Frank-Shalev, as we illustrate 
below. The second cohomology group of H (2 : n; oiq) plays a similar role in |Avi02| 
and |CM()4I Section 41. 

Recall that every perfect Lie algebra L has a universal central extension — » 
Z -f M -> L -> (see |vdK73l Section 1]). In particular, M/Z = L, so we 
may view L as a quotient of M, and Z = H2{L,¥) = H 2 (L,¥)* as vector spaces. 
According to |BM86I Theorem 2.2], every derivation of L lifts to a derivation of M; 
if L is centerless, the lift is unique, therefore Der(M) = Der(L), and M is a Der(L)- 
module in a natural way. In the case of L = H(2 : n; 0J2), we claim that Der(L) acts 
trivially on Z, which coincides with the center ((M) of M here. In fact, for a perfect 
and centerless Lie algebra L, the dual module ((M)* and H 2 (L,¥) are easily seen 
to be isomorphic not only as vector spaces, but as Der(L)-modules. Now assume, 
in addition, that the characteristic is odd and that L has a nonsingular associative 
form A. Then the isomorphism of H 2 (L,¥) with SkDer(Z)/ ad(£) described in 
Section 0] is also an isomorphism of Der(i)-modules (with respect to the adjoint 
action of Der(L) on itself). Since Der(L)/ ad(L) is abelian for L = H(2 : n; 0)2)1 
our claim follows. Therefore, the center of the extension of M by (D), where D is 
the nonsingular derivation (|5.1(l . coincides with C(M) and, in particular, is nonzero 
according to Theorem 14. 21 in odd characteristic. It follows that the loop algebra M 
of M with respect to D has an infinite-dimensional center. The quotient of M by its 
center is isomorphic with L. A standard result of B. H. Neumann recalled in CM99 
as Theorem 6 implies that the quotient of a finitely generated Lie algebra modulo 
an infinite-dimensional central ideal cannot be finitely presented; in particular, 
L = M/C(M) is not finitely presented. 

The main result of |Car01| shows that a suitable central extension of M is finitely 
presented. (The need to take a further central extension to obtain a finitely pre- 
sented algebra is due to the fact that the second cohomology group of a loop alge- 
bra, besides depending on the second cohomology group of the underlying finite- 
dimensional algebra, includes a component arising from associative forms of the 
latter and the cyclic homology of the polynomial ring ¥[t] which we are tensoring 
with. We will not discuss this point further here, but see |%us92 .) According to our 
identification in Theorem 16.11 of the algebras of Albert and Frank with Hamilton- 
ian algebras H{2 : n;o>2), the second cohomology group of the latter discussed in 
Theorem l4.2l can be recognized in (part of) the central elements of the finitely pre- 
sented central extensions of the Albert-Frank-Shalev algebras considered in jCarOlj . 
More precisely, the A-grading of L — H{2 : n;o;2) (like any other grading) extends 
uniquely to a grading of its universal central extension M. The central elements 
of the latter corresponding (recall Remark |4.1|) to the cocycles <p r and ip s of The- 
orem ( m °dd characteristic) occur in degrees 2q — p r + 2 and 2q — qp s + 2, 
respectively, and give rise to central elements of M, the loop algebra of M with 
respect to D, in all degrees congruent to these modulo dim(L) = p ril +" 2 — 1. These 
central elements can be recognized in the list given in |Car01l p. 399-400], in the 
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special case of the algebra AFS(a,n,n,p). (Additional complications arise in the 
case of characteristic two, which we have neglected here for simplicity.) 

By symmetry, the case (R, S) = (—1, — p ni ) is completely analogous. In this case 

,*-_<! + .>£+.» 

is a non-singular derivation which permutes the components cyclically. This latter 
grading is just one instance of a whole set of A-gradings which can be obtained from 
the former A-grading by an application of an automorphism of the grading group A. 
More precisely, L is also graded by the subspaces Li ~ Lki, where k is any integer 
with (k,p n — 1) = 1. In general, a derivation D such that DLi — Li + i need not 
exist. However, it certainly does if A: is a power of p, because then D p Li — Lj+i, if 
Li = L p ti. This way of obtaining new gradings is related to the process of deflation 
for graded Lie algebras of maximal class introduced in CMN97 . In fact, the loop 
algebra of L with respect to its grading given by the subspaces Li — L p i and its 
derivation D p is the deflation of the loop algebra of L with respect to its grading 
given by the subspaces Li and its derivation D. 

5.2. A thin grading. Let (R, S) = (-p" 2 + L -!)■ This is a Z/AZ-grading with 
A = p ni (p n ' 2 — 1), and the components have dimension one or two. In the present 
grading, the two-dimensional components are those of degree i(p n2 — 1) + 1 for 
1 < i < p n i . In particular, L\ — (x. y). This grading fits the following definition. 

Definition 5.3. A grading L = Q)kez/NzLk °f a (finite-dimensional) Lie algebra 
L over a field F is called thin if L\ is two-dimensional, and the following covering 
property holds 

for all k 6 Z/AZ, and all u 6 u ^ 0, we have Lfe+i = [u, L{\. 

Again, the definition is motivated by an analogous one for positively graded, 
possibly infinite-dimensional Lie algebras. In fact, given a thin Z/AZ-grading of 
a finite-dimensional Lie algebra L, the (positive part of the twisted) loop alge- 
bra (J) fc>0 Lj, ® ¥t k is a thin Lie algebra in the sense of the following definition 
(see |CM99| for background). 

Definition 5.4. A graded Lie algebra L = (B^! Lk is called thin if L\ is two- 
dimensional, and the following covering property holds 

for all k > 1, and all u € Lk, u ^ 0, we have Lk+i = [u, L±\. 

With both definitions, it follows from the covering property that L is generated 
by Li, and that dim(Lfc) < 2 for all fc. We call a homogeneous component Lk 
of dimension 2 a diamond. The diamonds will be numbered in the natural order 
of occurrence (cyclic starting from L\ in case of Definition 15. 3fl . Therefore, L\ is 
the first diamond. If there are no other diamonds in case of Definition l5.4l then L 
is an algebra of maximal class (see |CMN97j 'l. We refer to the finite sequence of 
one-dimensional homogeneous components between two consecutive diamonds as a 
chain. 

We must point out that there are also instances where a thin Lie algebra in 
the sense of Dcfinition l5.4l is constructed as a loop algebra from a suitable grading 
of a finite dimensional simple (Hamiltonian) Lie algebra which does not quite fit 
Definition [J^O but requires the intervention of a nonsingular outer derivation, very 
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much like in the construction of Lie algebras of maximal class described in the 
previous subsection (see |Avifl2l IAvi 99 ) . These algebras are not needed in this 
paper, however. 

The fact that an algebra with a thin grading in the sense of Definition l5.3l gives 
rise to a thin Lie algebra in the sense of Definition 15.41 via the loop algebra con- 
struction allows one to apply to the former setting arguments and results originally 
formulated for the latter. For example, results from CMNSQS], extended in [AJ01 , 
imply that in a finite-dimensional Lie algebra L over a field of arbitrary character- 
istic with a thin grading, the second diamond can only occur in degree 3, 5, q, or 
2q — 1, where q is a power of the characteristic. Some care is needed in carrying 
definitions over from the infinite-dimensional setting to the present one, where the 
degree of a homogeneous element is an integer defined only modulo the order N of 
the grading group: when speaking of the degree where the second diamond occurs, 
we actually refer to the smallest integer greater than one in which degree a diamond 
occurs. 

Suppose now that L is a finite-dimensional Lie algebra with a thin grading, and 
suppose that the second diamond occurs in degree 2q — l, where q is a power of the 
characteristic. According to |C.T99| we have 

C Ll (L 2 ) = C Ll (L 3 ) = ■■■ = C Ll (L 2q -3) = (Y), 

provided the characteristic is odd; this fails in characteristic two, as is shown in 
|.Tur99llJYj . We let X 6 L x \ (Y), s o that X and Y generate L. (Note that with 
respect to the analogous situation in CM99 we have switched to capital letters for 
the generators X and Y, to avoid conflict of meaning with the variables we use for 
divided powers.) 

Suppose that is any diamond of L, and let Lk-i = (V). It is not difficult to 
show, as in jCM99j . that [V, X, Y] + [V, Y, X] = [V, Y, Y] = 0, and to deduce that 

[V,Y,X]=X[V,X,X] 

for some A 6 F U {oo}, to be read as [V, X, X] =0 when A = oo. As in the infinite- 
dimensional setting of |CM99j we will say that the diamond in degree k has type 
A. Note that A depends on the choice made for the generators X and Y, but the 
type being finite, or infinite, does not. Strictly speaking, A = cannot occur here, 
because the covering property would imply that [V,Y] = and so L/. = {[KA]), 
contradicting the assumption that is a diamond. However, there are situations 
(here and in other papers, like |CM99j . |Avif)2| and |CM04p where we have found 
natural and convenient to informally call fake diamonds certain one-dimensional 
components which thus may be assigned type 0. This usually happens when 
the diamonds of some algebra with a thin grading (or some infinite-dimensional 
thin algebra) occur at regular intervals provided we include some fake diamonds. 
Unfortunately, which cocycle of the algebra gives rise to the central element in 
a fake diamond depends on the grading under consideration, and appears not to 
admit an intrinsic characterization, in terms of the algebra alone. 

The Z/A^Z-grading of H(2 : n;w2) under consideration in this subsection is a 
thin grading, with diamonds in all degrees congruent to 1 modulo q — 1, with the 
exception of degree q, where we have set q = p ri2 . In fact, here we may take Y = y 
and X = x, and the following computations show both the validity of the covering 
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property and the location of the diamonds: 

{x (i) y^,x} = {l + e)x (i) y ij - 1 \ 

( x {r-i) y (p^-2) ifi = , 

{x®yV),y} = - X H- 1 )y^)yiP n2 - 2 ) = ) x (i-l)y if j = 1 ; 

I otherwise. 

Taking V — x^y, for < i < p ni , we see that all diamonds have type oo. Note that 
the elements x^'y with < i < p ni , that is, the elements just above (in the sense of 
immediately preceding) the diamonds, if we include a, fake diamond L p n 2 = (y), span 
a subalgebra of H(2 : n; ui 2 ) isomorphic with a Zassenhaus algebra W(l : Tlx), This 
feature will reappear in the different grading which we will consider in Section [7| 

According to |CM99| . the loop algebra of if (2 : n; v 2 ) with respect to this grading 
is the only thin maximal subalgebra of the algebra of maximal class AFS(0, n 2 ,n,p), 
which is the loop algebra of H{2 : nju^) with respect to the grading seen in the 
previous subsection. The grading of H(2 : n;u> 2 ) extends uniquely to a grading 
of its universal central extension. The central elements of the latter corresponding 
to the cocycles ip r and ip s of Theorem 14.21 (in odd characteristic) occur in degrees 
2q — p r and 2q — p s (q — 1), respectively. 

6. The Hamiltonian algebra H(2 : n;u> 2 ) as a Block algebra 

Benkart, Kostrikin and Kuznetsov proved in BKK95, Theorem 4.9] (using the 
classification of the modular simple Lie algebras of characteristic p > 7 completed 
in |Str98p that the only simple Lie algebras over an algebraically closed field of char- 
acteristic p > 7 which admit a nonsingular derivation agreeing with a Z/AZ- grading 
with one-dimensional components (in the terminology introduced in Definition 15. 1(1 
are of type H(m : n; w 2 )- (In BKK951 Theorem 4.9] N had the form p n - 1, but 
this was immaterial.) Later it was proved in |KK96| that m necessarily equals two. 

Simple Lie algebras with this property were considered earlier by Shalev in 
Sha94g], who noted that certain Lie algebras introduced by Albert and Frank 
in |AF55| can be defined over the prime field F p and enjoy the property. Shalev 
used them to build the first examples of insoluble graded Lie algebras of maximal 
class, as loop algebras of the algebras of Albert and Frank. The algebras of Al- 
bert and Frank and their loop algebras have been further discussed in |CMN97 , 
to which we conform our notation, as starting points for the construction of more 
graded Lie algebras of maximal class. A byproduct of the classification of graded 
Lie algebras of maximal class achieved in |CN00| and |,Tur05| (for odd and even 
characteristic, respectively) is a proof, independent of the classification of modular 
simple Lie algebras, that the only finite-dimensional Lie algebras which admit a 
nonsingular derivation agreeing with a Z/A^Z- grading with one-dimensional com- 
ponents, where N is any integer prime to the characteristic, are the algebras of 
Albert and Frank. If we drop the condition on N but assume the simplicity of 
the algebra the result remains true in odd characteristic (extending the cited re- 
sult of BKK95 ), while in characteristic two there is exactly one further class of 
algebras joining the algebras of Albert and Frank and consists of the Lie algebras 
constructed in |,Iur04| and named Bi-Zassenhaus algebras (for which N is two less 
than a power of two). Note that in characteristic two the simple Zassenhaus algebra 
of dimension 2" — 1 has this property, the nonsingular derivation being given by 
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ad(eo) = ad(£J_i + £^"-2) in the notation introduced in Section [3 In fact, with 
respect to its basis {e a } the simple Zassenhaus algebra coincides with the algebra of 
Albert and Frank AF(0, 1, n, 2) defined below. (As we have mentioned in Sectional 
it also coincides with H(2 : n;^)-) 

The above results indirectly imply that for p > 7 the class of algebras of Albert 
and Frank considered by Shalev coincides with the class of Hamiltonian algebras 
H(2 : n;u>2)- In fact, since the algebras of Albert and Frank are Block algebras 
this result holds for p > 3 according to BW82, Lemma 1.8.3] together with the 
remarks on the characteristic which we have made at the end of Section [3] In 
Theorem l6.1l we use the cyclic grading and the nonsingular derivation of the algebras 
of Albert and Frank employed by Shalev to find an explicit isomorphism of the 
latter with Hamiltonian algebras H(2 : n;cj2), in arbitrary (positive) characteristic. 
We compute the derivations of the algebras of Albert and Frank in Theorem 16.21 
extending to arbitrary characteristic a result obtained by Block in |Bk>58| for p > 3; 
in view of Theorem 16.11 the description of derivations of algebras H(2 : n;^) 
quoted in Section 0] for p > 3 is also extended to arbitrary characteristic. 

For integers < a < b < n (the choice made in CMN97 , or for the equivalent 
choice < a < b < n made later in |CN00| ). the algebra of Albert and Frank 
AF(a, b, n, p) is the Lie algebra over F p n with basis {e^ | £ 6 F*„ } and multiplication 
given by 



(where the right-hand side is interpreted as zero when £ + r\ = 0, for example by 
setting eo = 0). Thus, an algebra of Albert and Frank is a special instance of a 
Block algebra (see Section [3J . It was shown in Sha94a that the algebra of Albert 
and Frank S = AF(a, b, n,p) is defined over the prime field ¥ p . Moreover, it has a 
graded basis uq, . . . , u pn _ 2 over F p , and a derivation D such that Dui = Ui+i for all 
i, to be read modulo p n — 1. Explicitly, this basis is related to the original basis by 
the formulas «, = X^eF „ C~ p ~ p e £- Part of the multiplication table with respect 
to the new basis, namely, a description of the adjoint action of the element u pa+p b, 
was computed in Proposition 2.4 of Sha94a (but see also CMN97 ). If we include 
the derivation D into consideration we obtain the following statement: the split 
extension of S by ¥ p D has a finite presentation on the generators uq, . . . ,u p n_2 
(with subscripts viewed modulo p n — 1) and D, with relations 



This implies at once that S is defined over the prime field. Note that the above 
formulas differ in sign from those given in |CMN97| p. 4028], which were incor- 
rectly quoted from |Sha94al Proposition 2.4]. That mistake amounts to using 
the algebra with the opposite multiplication, and caused no serious consequence 
in CMN97 . Note also that here we have written the derivation D on the left, 
differently from |CMN97j . and hence [u t ,D] = —[D,Ui] = -Dm. 

In the terminology introduced in Definition 15.11 the nonsingular derivation D 
agrees with the Z/A^Z-grading S = (Bkei/Ni^k, where N — p n — 1 and Sk = 



(6.1) 




Dui = m+i 

[U p a _(_p6 , U p a ] = —U2 p a+ p b, 

[ll p a _^ p b , U p b ] Upa_f_2p b > 

\lLpa, + pb , Uj] = 



otherwise. 
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(itfe). We will take advantage of the similar grading of H(2 : n;w2) defined in 
Subsection 15. f I to construct an isomorphism between S — AF(a,b,n,p) and H{2 : 
n; W2), where n = [n — b + a, b — a). Since the map t— > gives an isomorphism 
of AF(a, 6, n,p) with AF(0, b — a, n,p) we may restrict ourselves to the case a = 0. 
We will construct a Lie algebra isomorphism a from the extension of S by (D) to 
the extension of L by {D), where D — y-j^ + (1 + e)^. (Using the same symbol 
for the derivation D of both algebras should create no confusion.) If we set 

a(u ip n 2+j ) = -x^'^y^^ 

for < i < p ni and < j < p n2 with ^ (p ni ,p n2 ), we clearly have D{a{u k )) = 
a(uk+i) — (r(Duk) for all k. In order to conclude that the bijective linear map 
determined by a is a Lie algebra isomorphism it suffices to check that the defining 
relations of S are satisfied in H{2 : n;^)- In fact, we have 

er(wi)] = {xy,x} = xy^ 2 2) = -a(u2+ p » 2 ), 
er(w P "2 )] = {xy, y} = -x^" 1 ] y = (t{u 1+2p ^), 
cr{uj)] —0 in all other cases, 

where the last formula holds because {xy,x^ k >y^} — unless k, I < 1, and also 
{xy, xy} = xy( p 2 ~ 2 ^y — x^ p 1 ~ 2 ^xy — 0. 

Incidentally, the sequence of the constituent lengths in the graded Lie algebra 
of maximal class AFS(0,b,n,p), which was computed in |CMN97| and utilized 
in |CN00j . can now be more easily deduced from the isomorphism a. In fact, viewing 
the two-step centralizers in the corresponding (twisted) loop algebra of H(2 : n; 0J2) 
and setting q = p n2 we see at once that all components are centralized by 
Y = (D + ui) ® t = (D + x) ® t, except when k = 1 (mod q — 1) and q ^ I 
(mod p n — 1), in which cases Lj- is centralized by X — u\ ® t = x ® t (in the usual 
notation of CMN97 but with capital letters instead). 

Another consequence of the isomorphism a is a formula for carrying out explicit 
computations in the Lie algebra of maximal class AFS(0,b,n,p). In fact, setting 

[u iq+ j,u kq+ i} = c(i,j,k,l) ■ u {i+k)q+{:j+l ) 

for < i, k < p ni and < j, I < p n2 , with (i, j) and (fc, I) ^ (p ni ,p 712 ), we have 

'2p ni - i - k - 1\ (2p n2 -j-l- 
p ri! _ i J y pn 2 _ j _ 1 

'2p ni -i — k-l\ (2p ri2 -j-l- 

This rather unpleasant formula can be put into the slightly simpler form 

l-l \ _ ( k-1 \ ( I 

VP" 2 - 3 - 1/ \P ni -i-lj \P n2 - j 

by means of standard binomial coefficient manipulations and the less standard but 
easily proved fact that the value of modulo p (for n,k £ Z) is periodic in n 
with period the smallest power of p which is greater than k. Since any nonzero 
homogeneous element of weight k > 2 of AFS^O, b, n,p) (realized as a loop algebra 
of if (2 : (n — ri2, ^2); L02) as above) can be uniquely written as a scalar multiple of 

[Y,X,Z 3l Z 4 ,...,Z k ] =u k ®t 



c(i,j,k,l) 



(-D w -^i.*.o = ( pni *_ i )( J 
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with Zi € {X, ~Y}, the above formula allows one to multiply homogeneous el- 
ements in AFS(0, b, n,p) without any need for commutator expansions. Finally, 
the method of iterated deflation described in |CMN97j reduces computations in 
AFS{a,b,n,p) to computations in AFS(0,b — a,n,p). 

The isomorphism which we have seen above between the algebra of Albert and 
Frank AF(0,b,n,p) and the Hamiltonian algebra H(2 : n;w2) is perhaps better 
expressed in terms of the basis {e^} of ^4^(0, 6, n,p). As we have mentioned above, 
the general case of AF(a,b,n,p) can be reduced to that of AF(0,b — a,n,p) as 
m 

EHH2ZI, and we record the more general case in the following theorem (which 
can, of course, also be proved by direct but rather tedious computation). 

Theorem 6.1. The algebra of Albert and Frank AF(a, 6, n,p) with Lie bracket given 
by l|6.1(l (in arbitrary prime characteristic p) is isomorphic with the Hamiltonian 
algebra H(2 : n; U2), where n = (n — b + a.b — a). An isomorphism is given by the 
linear map a : AF(a, b, n,p) — » H{2 : n; u>2) defined by the formula 

where the summation is over all pairs (i,j) with < i < n — b + a, < j < b — a 
and (i,j) 7^ (0,0). The inverse map is given by 

This result gives an explicit realization of H{2 : n;w2) as a Block algebra. Note 
that the subalgebra of AF(a,b,n,p) which corresponds to the soluble subalgebra 
(a;( z )yO') : i -\- j > 0} of H(2 : n;^) under the isomorphism a consists of all 
elements C C e ? with X^ C {£ P = c (, C p — 0. Because of this isomorphism 
(or by direct verification) this subalgebra of AF(a, b, n,p) is maximal whenever the 
latter is simple (that is, except when p — 2 and either b — a = 1 or n — b + a = 1). 
It is known that for p > 3 this is the only maximal subalgebra of codimension two, 
see [BQ88I Theorem 2.16]. 

Now we compute the derivation algebra of an algebra of Albert and Frank. 
According to the identification of the algebras of Albert and Frank with suitable 
Hamiltonian algebras given in Theorem 16.11 we may consider their derivation al- 
gebras as known from the general results on algebras of Cartan type quoted in 
Section 01 but only for p > 3. Also, the derivation algebras of all Block algebras 
(thus including the algebras of Albert and Frank) were computed already in [Blo58 , 
again under the assumption that p > 3. The reason for this assumption in Blo58 
was that genuine exceptions occur for p = 2, 3 in the more general case of Block al- 
gebras. In particular, additional derivations may occur for algebras H(2 : n;o;o) in 
low characteristics, as we have illustrated in Remarks l4.3l and l4.4l Such exceptions 
do not arise for the algebras of Albert and Frank, that is, for Hamiltonian algebras 
H(2 : n;cj2)- However, Block's proof in |Blo58| (in particular, Lemma 12) was not 
devised to deal with low characteristics in this special case, and we offer a variation 
of it which works in every characteristic. 

Every specialization of the defining ¥ p n -grading of the algebra of Albert and 
Frank AF(a, b, n,p) to an F p -grading (this terminology was explained in Section^) 
gives rise to a derivation which multiplies each basis element by its F^-degree. 
These derivations turn out to be a basis for the space of outer derivations of L = 
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AF(a, b, n,p). (In fact, these derivations span a maximal torus T in Der(L), and 
the given grading is the corresponding decomposition of L into root spaces.) 

Theorem 6.2. The outer derivation algebra Der(L)/ ad(L) of the algebra of Albert 
and Frank AF(a, b, n, p) has dimension n. More precisely, every derivation of degree 
zero with respect to the W p n -grading of L acts as D^e^ = ■ e^, for some additive 
map 7r : £ i— > of ¥ p n to itself; all derivations of nonzero degree are inner. Thus, 
a basis for the space of outer derivations is given by the derivations (-D;d) p = 
£ p • eg, for < s < n. 

Proof. Clearly Der(L) inherits an F p n-grading from L, and the maps described are 
derivations of degree zero. Conversely, let D be a derivation of degree zero. Then 
we have De^ = ■ for £ £ F*„ , for suitable scalars £ ¥ p ™ , and we may set 
Co = 0. The Leibniz rule D[e%, e v ] = [De%, e v ] + [e^, De^] for £, rj £ F*„ yields that 
C£ +J; = + c ?) provided [e^e^] ^ 0. The latter amounts to -q pb — £ p ' ' -q^ ^ 0, 
which is satisfied as long as £ and r\ do not span the same F p =-subspace of ¥ p n , where 
c = (b — a,n). But if £ and 77 do span the same F p c-subspace of ¥ p n , we may choose 
outside this subspace and obtain that c^+ v +cg = c^ +v+ g — c^ + g + c r] = c^ + c r] + cg 
(which also settles the case where £ + r\ = 0). Thus, the map c : F p ™ — > F p ™ is 
additive. These maps form an n-dimensional ¥ p n -space. 

To simplify the calculations which follow we assume a = 0, as we may, and 
set q — p b . Let D be a derivation of degree r £ ¥*„, hence De^ = • e^+ T for 
£ £ F* ra (recalling our convention that eo = 0), where 6 F p n, and we may set 
Co = c_ r = 0. Then the condition D[e^,e v ] = [De^,e v ] + [e^,De v ] translates into 
the equation 

(tif - ^) ■ <*<+v = ((£ + rW - (f + t)* V ) ■ c £ + (£(7, + r)« - F( V + r)) ■ c v 

for £,r) £ ¥* n with £ + r\ ^ — r. However, this equation is trivially satisfied also if 
£ = Oor?7 = Oor£ + ?7 = — r, hence it holds for all £, 77 e F p n. 

For the sake of clarity we only solve the equation in the case where r = 1. This 
is no loss because in general the equation can be reduced to this case by setting 

= C£ r . The condition for D being a derivation can be written as 

(6.2) - ev)(c i+n - C£ - c r) ) = - rj) ■ c s + « - C 9 ) • c, for £, 77 e F p ». 

One solution is = £ 9 — £, which corresponds to the inner derivation adei. We 
will prove that this is the only solution, up to scalars. 

Setting n = — £ in equation (|6.2(l we obtain that (£ 9 — £)(c£ + c_^) = 0, hence 
c_£ = — holds provided £ 9 — £ 7^ 0. Our next goal is to show that the left-hand 
side of i|tj.2fl always vanishes. We may assume that £ 9 — £ and r/ 9 — n do not both 
vanish, otherwise the coefficient £rf — £ 9 77 vanishes, too. Then the left-hand side 
of l|f).2j) can also be written as -(£,r) q - £ g v)( c -£-v + c ? + c v) ^ £ 9 + - £ _ V 0, 
and as (£ry 9 — C 9 ?7)(c^+ ?? + c_^ +C-,,) otherwise. Either expression is invariant under 
the cyclic substitution £^771-^— £ — 77 1 — ^ Hence the right-hand side of (jfi.2|l is 
invariant, too, implying that 

(V q ~ V) ■ c« - - • c, = (-e 9 - T7 9 + e + r?) • c, - - rj) ■ c_ c _, 

= (e'-O-c-e-^-K*-*?' + Z + ■<* 

or, equivalently, 

(C - Q(c-e-v +^+ c n ) = {rf - rfiic-z-r, + C£ + c,,) = 0. 
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(A more conceptual view of the computation is the following: invariance of the 
right-hand side of Ij6.2|) under the substitution implies that the (standard) vector 
product of the two vectors (cf , c v , c_f_,,) and (£ 9 — £, if — rj, —£ g — ?7 9 + £ + 77) is a 
multiple of (1,1,1); since the vector product is orthogonal to both vectors we have 
c_£_ r) + + c, q = 0, provided the second vector is nonzero.) Consequently, both 
sides of H6.2(l vanish for all £, rj £ F p n. Hence (rj q —rj)-c^ = (£ 9 — £) • c v , and fixing 
i] such that rf — r\ ^ we conclude that = ((f] q — rf)' 1 ^) • (£ 9 — £) for all £. □ 

We have already used Theorem 16.21 in Section 0] to extend the scope of Theo- 
rem !4.2l to characteristic three. We mention that a convenient basis for the second 
cohomology group of AF(a, 6, n,p) is obtained (in odd characteristic) from the outer 
derivations given in Thcorcm l6.2l bv the method explained in Section^] and consists 
of the cocycles <^((Ad) p )( e 6 e »?) = 8(£ + f], 0) • £ p for < s < n. In characteristic 
two these functions are not cocycles because they are not alternating and, in fact, 
the second cohomology group vanishes, see Remark 14.51 

7. Another thin grading of H{2 : n;w 2 ) 

In this section we introduce a Z/(p" 2 — 1)Z x (Z/pZ) ni -grading of L = H{2 : 
r\;oj2)- In the special case n\ — 1, the grading will be (cyclic and) thin, and the 
corresponding loop algebra will be the thin Lie algebra with all the diamonds of 
finite type constructed in CM99 . In fact, the construction of the present grading 
is guided by the structure of that thin Lie algebra. Unlike in CM9jI| , here we put 
no restriction on the (positive) characteristic. 

To briefly outline the construction of the grading, we first note that such a grad- 
ing gives rise to a Z/(p™ 2 — l)-grading and to a (Z/pZ)™ 1 -grading by specialization. 
Conversely, the original grading can be recovered from these two specializations. 
We start with the Z/(p™ 2 — l)Z-grading of L mentioned at the beginning of Sectional 
where (R, S) = (0, —1). Its components are 

U = <a;W i = 1, . . . , P ni - 1) + (x®y \i = 0,..., P ni - 1), 

and 

L X -i = {x® y W |z = 0,...,p' ll -l> 

for ) = 1,..., p n2 —2. The component of degree zero is isomorphic with a Zassenhaus 
algebra W(l : ni). As we saw in Sectional the latter has a grading over the 
additive group of the field F p ni , which is simply the root space decomposition of 
W(l : m) with respect to an appropriate one-dimensional Cartan subalgebra, say 
(eo). Viewing W(l : n\) as a subalgebra of L, the decomposition of L into weight 
spaces with respect to ad eo extends the grading of W(l : n\) to a grading of L, 
which turns out to be over the same group Fp-i . Since eo 6 Lq, it normalizes 
every component Lj, and it follows that this F p ni -grading of L together with the 
Z/(p™ 2 — l)Z-grading yield the desired Z/(p™ 2 — 1)Z x F p >n -grading. 
As announced above, we identify the subalgebra 

W= {x {i) y | i = 0,...,p ni -1) 

of L with the Zassenhaus algebra W(l : n\) via Ei — x^ l+1 ^y, for i = —1, . . . , p ni —2. 
This is justified by 

{^.- ( ^}=(Ct-i 1 )-Ct-T 1 ))^ +fe " 1)y - 
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Recall from Section that an F p »i -graded basis of W is given by 




E£o _1 alx(l) y foraeF;„ 

(where the former formula can be seen as a special case of the latter, but we have 
kept them separated for the sake of clarity, here and below). 

It is a simple matter to find the weight spaces of adeo on each component Lj, 
starting from the formula 

{e ,x {i) y U) } = {y + xy,x (l) y U) } = 

'-jx( pni -VyW if i = 0, 

(l + e)j/( J ') + {l+j)xy^ if i = 1, 
x^-VyW if i > 1. 

In particular, eigenvectors for ad eo on for j = 1, . . . , p™ 2 — 1, are 

= ?/ + jxy^ 

p"i -l 

i=0 

extending the complete set of eigenvectors for ad eo on W given by its basis elements 
eo.a = e Q . Our notation is chosen so that ei_j, Q £ ^x-h an< ^ 




{e ,ei-j, a } = aei- 



Also, the subscript 1 — j in ei_ JiC[ will be read modulo p n ' 2 — 1, so that, for example, 
ei.a will be the same as e2- p ™2 lQ . However, beware that ei jQ is not what one would 
obtain by putting j — - in the formulas. 

The formulas above give complete sets of eigenvectors for ad eo on only 
for j = 1, . . . , p™ 2 — 2. In fact, ad eo acts on L 2 -_p«2 as a sum of two-dimensional 
Jordan blocks, say (ei. a , ei. a ), one for each eigenvalue a £ F* ni . (These will be the 
diamonds in the thin grading, in case ri\ = 1.) It is convenient to assume that 

{eo,ei, Q } = aei ;Q - aei jQ , 

which we may because a ^ 0. This determines e~i jQ € £i modulo (ei. Q ), and we 
choose to set 

p"i -l 

e l Q = u l {x {i ^ -ix {i) y) 

i=l 

for a £ F*» x . It will be convenient to allow also the value a = in the above 
formula, and thus set e~i,o = 0. (In case n\ — 1 the component (ei,o,e~i,o) = (e^o) 
corresponds to a fake diamond in the thin grading.) 

In the following lemma we summarize what we have obtained so far, and we 
include the inverse formulas which give the divided powers in terms of the elements 
and ej iQ . 

Lemma 7.1. The Hamiltonian algebra L — H(2 : n;^) admits a Z/(p™ 2 — 1)1 x 
F p »i -grading given by L = 0Lfc, Q , where L k . a = (e k , a ), or L k , a = (e kiai e kia ) 
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whenever the latter makes sense, and the basis elements involved are given by 
ei_j, a = jxy U) + a l x {z) y U) for a <E F p »i and j = 1, . . . ,p n2 - 1, 

i=0 

p" 1 -l 

i=l 

where 0° should be understood as 1. Conversely, for i = 1, . . . , p™ 1 — 1 artrf j 
1, . . . , p™ 2 — 1 me /lave 



yU) 

x«=- J2 a"" 1 " 1 "*^ + ei,a), 



where in the last formula it is understood that e\fi = 0. 

For later use we record the products of the basis elements given in Lemma 17. II 
We have 

(7.1) {e 1 - j>a ,e 1 - ll p}= J~ a y +l j j) e 2-j-i,<*+0 

for j,l= 1, . . . ,p n2 — 1, provided 1 < j + I — 1 < p n2 — 1, and zero otherwise, 

(7.2) {ei_ 3 >, ei,/0 = /3e 2 -j, a +/3 for j = 2, . . . ,p" 2 - 1, 

(7.3) {e , Q , ei^} = -/3ei )0+j g + /3ei, a+ p, 

(7.4) {ei, aj ei )/3 } = 0. 

It is not necessary to carry out the computations in full in order to prove these 
formulas, if we use the fact that the basis is graded, according to Lemma tl. II For 
example, the result of the product in formula H7.ll) must be a scalar multiple of 
e2-j-i, a +/3, and we only have to find that scalar. Since the monomial yV> appears 
in ei—j jCl with coefficient 1, it is enough to compute the coefficient of the monomial 
yU+i— i) m t ne product {ei-j >a , ei-/^}. The products of the only relevant terms, 
namely 

yield the desired conclusion. Formula (|7.2|) follows similarly by computing {y( J ' , f3x} = 
fjy\3— x ) . Formula l|7.4|l follows because the monomial j/ p " 2 _2 - ) does not appear in the 
result. The proof of formula i|7.3|) is just slightly more involved because {eo, a , 
must be a linear combination of ei, a +p an d e-i, a +p- Since the coefficients of y and 
x are 1 and in the former, and and a + (3 in the latter, the conclusion follows 
by computing the only relevant products, which are {y, —flxy} = —fly and 

{y, P 2 x {2) } + {axy, (3x} = (3(a + j3)x. 

(For the dubious case where a + (3 = recall from Lemma 17.11 that we have set 
ei,o = 0.) 
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Now we restrict our attention to the case of main interest for us by letting m = 1 , 
and introducing the shorthand q = p n2 , so that L has dimension pq — 1. Then the 
subspaces Lk, a form a grading of L over the cyclic group Z/ (q — 1)Z x F p . Choosing 
(1, 1) as a generator of the latter, we will show that the grading is thin, according 
to Definition 15. 31 and that all diamonds are of finite type. 

The diamonds occur in all degrees congruent to 1 modulo q— 1, with the exception 
of degree q. We set 

p— l p— l 

X = ei,i = J^O (i) - ix (i) y) and Y = e^.x = —xy + ^ x®y, 

i=l i=0 

and check that the covering property is satisfied. Since 
{e ha ,X} = 0, 

{eo,Q, X} = ei )a+ i - ei )a+ i (where ei )0 = 0), 
{ei_3 )Q ,,X} = e 2 -j, Q+ i for j = 2, . . . q - 1, 
{ei, a , Y} = -ae 2 , a +i, 
{eo,a, ^} = (a + l)ei jQ+ i, 
{ei_ i)Q ,y} = for j = 2,...q- 1, 

we have 

{L fc , Q , (X, Y}} = L fc+ i, Q+ i for k £ 1 (mod ( g - 1)), 
which shows that the covering property holds in these degrees, since £fc,a is one- 
dimensional. To see that the loop algebra is thin, it remains to check the covering 
property on the two-dimensional components. At the same time we will check the 
diamond types (including the fake diamond Li q, which is in degree q). Since 

{eo, a ,X,X} = {— ei !a _|_i, X} = —e2, a +2i 
{e , Q , X, Y} = {ei, a +i, Y} = -(a + l)e 2 , a +2, 
{e , a , Y, X} = {(a + l)ei, a +i, X} = (a + l)e 2 , a +2, 
{e , a ,y,Y} = 0, 

if a, b are scalars we have {eo, Q , clX + bY, {X, Y}} = L2, a +2 unless a = b = in case 
a =/= — 1, and unless a = in case a = — 1 (the case of the fake diamond). It follows 
that the grading is thin. Furthermore, the elements just above the (possibly fake) 
diamonds are those of the form V a = eg - a -i an d satisfy 

{V a ,Y,X} = a {V a ,X,X}, 

hence the diamond ({V a ,X},{V a ,Y}) in degree q + a(q — 1) (which is fake for 
a = 0) has type a. Note that most of the computations done in this paragraph 
need not be carried out in full, provided we use the fact that the elements et,a and 
ei t0t form a graded basis of L, according to Lemma [7TI 
We have completed the proof of the following result. 

Theorem 7.2. In case m = 1 the cyclic grading of L = H(2 : n;cj2) defined in 
Lemma \ 7.1\ is a thin grading (with respect to the generator (1,1) of the grading 
group). The diamond types are all finite, and follow an arithmetic progression. 

Note that {L k , Q ,Y} = for k ^ 0, 1 (mod (q - 1)), and also {L ,-i,Y} = 
{Li } o,Y} — 0; hence Y centralizes all one-dimensional components which do not 
immediately precede a diamond. 
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We remark that thin Lie algebras with diamonds of both finite and infinite types 
are constructed in |AM05| . The finite diamond types there follow an arithmetic 
progression, but they are separated by sequences of constant length of diamonds of 
infinite type. 



8. Another realization of H(2 : (l,n 2 );cj 2 ) as a Block algebra 

In EIM99 we constructed a simple Lie algebra A with a thin grading and all 
diamonds of finite type. Since the location and types of the diamonds of A match 
those of the algebra L — H(2 : (1, n 2 ); w 2 ) with the grading defined in the preceding 
section it follows that the loop algebras of L and A are isomorphic. Actually, this 
yields an isomorphism between L and A themselves, but it may be necessary to 
extend the ground field for this. The purpose of this section is to justify these 
claims. 

We recall the definition of A from .(2VL99i , with slight notational changes to avoid 
clash with the notation of the present paper. Let p be any prime, let q = p n2 , and 
set S* = (F p x F q ) \ {(0, 0)}. The F^-vector space A with basis {/ U)Q | (u, a) e S*} 
becomes a Lie algebra over F q by defining 

[fu,a,fv,p] = (V0i - u/3) ■ f u +v, a +l3, 

where we read • /o,o as zero. By construction A is a Block algebra, and so it is 
simple and isomorphic to a Hamiltonian algebra H (2 : n; w 2 ) (at least when p > 3, 
and possibly after extending the ground field, see Section 0). We will construct an 
isomorphism explicitly. 

It was shown in |CM99j that A has a thin grading where the component of degree 
one is spanned by 

x = fifi and y = f ljCt . 

(The assumption p > 3 stated in |CM 99; was only needed in later sections, when 
considering presentations for the thin algebra.) An easy induction showed that 



[y, x, ■ ■ ■ , x] = ^2 aJ 1 fa°> for J ^ 1 

(where our convention that 0° = 1 intervenes when j = 1). This element spans the 
component of degree j of the grading, except when j = 1 (mod q — 1) but j ' ^ 
(mod p), in which cases the component is two-dimensional. An element just above 
a diamond of type A — 1 is 

v\-i = [y,x,...,x]= ^2 a_1 /-A,a, 



whence 




,y] = (\-l)J2 /-A+i, 
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In particular, we have 

'[y,x, 



(q-l)p 




-l)p,a — ^ fl,a 



aGF* 



p( g -l)-l 



Now we carry out analogous computations in L — H(2 : (1, 77,2); 0J2) with the thin 
grading constructed in the previous section, using the formulas obtained there. In 
particular, the component of degree one in the grading is spanned by X — e.\ t \ and 
Y = 61,1, and we find that 

{F, A___£T = (-l)L^J ( ejJ - Vil?, for j > 1 

i-i 

(but not for j = 1), where S q _i(s,t) equals one if s = t (mod q — 1), and zero 
otherwise. An element just above a diamond of type A — 1 is 

V X -i = {Y, = (-IJ^^c-a, 

A( 9 -l)-l 

whence 

{ y > X >--->*> y } = (-!) A ( A - l)ei,-A+i. 

A(?-l)-l 

In particular, we have 

• {Y, AV_X} = — ei,i + e"i,i = —Y + X, 

{y,x,...,x,y} = ei !l = y. 
P («-i)-i 

The sign discrepancy of the latter formulas with the analogous ones for A seen 
above means nothing if we work with the loop algebras of A and L (which are 
isomorphic), but suggests that A may not be isomorphic with L = H(2 : (1, 712); LO2) 
over F q . We extend the ground field to F g 2 and fix e G F q 2 with e q ~ l = — 1. A 



well-defined linear map r : A 
and 

'([y,x, ■ ■ 



L is obtained by setting t(x) = eX, r(y) = eY, 
,x,x]) = eS{Y,X,...,X,X}, 



3-2 J-2 

r([y,x 1 __x, y]) = ^{F, X, . . . , X, Y} 
j'-a j-2 
for all j > 2. The computations done in Section [7| and in CM99] show that y and 
Y" centralize all one-dimensional components which do not immediately precede a 
diamond, in the respective algebras, and also that the diamond types match. It 
follows that t([w, z]) — {t(w), t(z)} for all w £ A and z — x or y. Since x and y 
generate A we conclude that the map r is an isomorphism of Lie algebras (because 
the set ofzei such that r([w, z\) = {t(w),t(z)} for all w G A is a subalgebra). 

Finding explicit formulas for the isomorphism r in terms of convenient bases for 
A and L is a matter of some manipulations, and we only record the final result. 
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Theorem 8.1. The Block algebra A defined in |CM99| and described at the begin- 
ning of this section is isomorphic with the Hamiltonian algebra H(2 : (l,n2);a;2)- 
An isomorphism is given by the linear map r : A — > H(2 : (I,ri2);w2) defined by 
the formulas (both for a G F p , and where e q ~ x = — X) 

q-l 

T(f a jj) = -Y, r k+1 e k e kM + ee lta for [3 e F*, 
fc=i 

Sifafi) = eei jQ , 

in terms of the basis {efe jQ ,ei jQ } of H(2 : (l,n2);W2) defined in Lemma \l.l\ or 

g—1 p— 1 q—1 

r{f a , P - f a ,o) = 1 ■ >■■'■!! j +J2J2 £l ^ aZ ^ x(l) y U) f° r p e F ?< 

3=1 »=0 = 1 

P-1 

r(f a , ) = eJ2^(x (l) - lX ^y) 

i=l 

in terms of divided powers. 

Note that there appears to be a certain amount of symmetry between the for- 
mulas for r(/ ,/3) and t(/ q , ), because r(/ 0)l g) = Y lXX^ 1 ' 3 P° {v {j) +jxy (j) )- 

The following cocycles of A were introduced in |CM99| . and it was proved that 
they form a basis for the second cohomology group of A, if p > 3: 



<Pr(fu,a, fv,p) 

for 1 < r < ri2, and 

i>{fu,u, fv,/3 



a p if a + (3 = and u + v = 
otherwise, 



\u ifit + u = 
1 otherwise. 

In view of the isomorphism r given in Theorem l8.ll we now make the connection 
with the cocycles of L = H(2 : (1,712); W2) described in Theorem 14.21 Call $ r and 
^> the cocycles obtained by pulling the cocycles ip r and ip of A back to L via 
the isomorphism r _1 . A straightforward computation for 'J', and a slightly more 
involved one for <& r , both of which we omit, show that ^ = —e~ 2 ipi and that 

$ r = e p "- 2 Lp r + <p(adxy ( - q - p, ">) 

in the notation of Sectional 
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